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APSTRACT 
The problem of the adjustment of the mass and wind f i e lds  in a 
divergent barotropic model i s  solved on the equatorial 6-plane. 
Contrary t o  the traditional f-plane analysis, the motion does not 
tend to a perfect geostrophic balance on a short time scale. However, 
the 8-plane approximation allows for  the presence of Rossby waves and 
since these waves are quasi-geostrophic, they may be regarded as the 
adjusted s ta te .  I t  i s  also shown tha t  the concept of an adjusted 
s t a t e  on the @-plane i s  dependent on the dispersive properties and 
energetics of Rossby and gravity waves. 
Two basic experiments are shown: the f i r s t  i s  a perturbation in 
the geopotential f i e l d ,  and the second i s  a perturbation in the 
rotational part of the wind f ie ld .  When perturbing the mass f ie ld  
on a small scale compared t o  the equatorial Rossby radius of deforma- 
t ion ,  most of the i n i t i a l  energy i s  dispersed by gravity waves; b u t  
a l ter ing the vort ic i ty  f i e ld  i s  a very ef f ic ien t  way t o  localize the 
energy input. The adjusted s t a t e  shows asymmetries tha t  cannot be 
obtained on an f-plane analysis. The circulation patterns produced 
by steady mass and momentum sources and sinks are also shown. Pos- 
s ib le  cbnsequences of the resul ts  for  tropical dynamics are discussed 
in terms of the effect  of clouds on the environment. 
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1  .0 INTRODUCTION 
The n a t u r e  o f  t r o p i c a l  m o t i o n  has e x c i t e d  t h e  i m a g i n a t i o n  o f  
researchers  f o r  a  l o n g  t i m e  n o t  o n l y  because of i t s  presumed impor tance 
f o r  m i d - l a t i t u d e  phenomena b u t  a l s o  f o r  t h e  c h a l l e n g e  o f  unders tand ing  
t h e  un ique  r o l e  o f  l a t e n t  hea t  r e l e a s e  i n  d r i v i n g  l a r g e - s c a l e  c i r c u l a -  
t i o n s .  A c o n s i d e r a b l e  amount of e f f o r t  has been devoted t o  t h e  deve lop-  
ment of t h e o r i e s  on how s m a l l - s c a l e  c o n v e c t i v e  mot ions i n t e r a c t  w i t h  
l a r g e - s c a l e  mot ions.  However, when one examines t h e  l i t e r a t u r e ,  o n l y  
a  few r e f e r e n c e s  t o  t h e  problem of t h e  ad jus tment  of t h e  mass and wind 
f i e l d s  a t  l ow l a t i t u d e s  c.an be found.  The o b j e c t i v e  of t h i s  research  
i s  t o  s t u d y  t h e  dynamical  ad jus tment  of t h e  mass and wind f i e l d s  a t  
l ow l a t i t u d e s .  T h i s  i s  a r e l a t i v e l y  s imp le  prob lem t h a t  can be s t u d i e d  
w i t h o u t  hav ing  t o  r e s o r t  t o  comp l i ca ted  s c a l e  i n t e r a c t i o n s .  When one 
s t u d i e s  t h e  prob lem o f  t h e  ad jus tment  o f  t h e  mass and wind f i e l d s ,  t h e  
l a r g e - s c a l e  dynamics o f  t h e  atmosphere a r e  i s o l a t e d  and p o s s i b l e  
e f f e c t s  o f  s m a l l - s c a l e  c o n v e c t i o n  a r e  taken  as a  known f o r c i n g .  Thus, 
t h i s  research  may be regarded as a  s t u d y  of t h e  b a s i c  dynamics o f  t h e  
t r o p i c a l  r e g i o n .  
i 
The process o f  t h e  ad jus tment  of t h e  mass and wind f i e l d s  i s  
c l o s e l y  r e l a t e d  t o  t h e  prob lem o f  energy d i s p e r s i o n  i n  t h e  atmosphere. 
T h i s  t h e o r y  was developed by Rossby (1945) and Yeh (1949) b u t  w i t h  t h e  
advent  o f  t h e  b a r o c l i n i c  i n s t a b i l i t y  t h e o r y  by Charney (1947),  which 
c o n s i s t s  o f  energy convers ion  r a t h e r  than  p ropaga t ion ,  t h e  t h e o r y  
lacked  f u r t h e r  development. On ly  r e c e n t l y  has t h e  prob lem of energy 
d i s p e r s i o n  been r e v i s i t e d  by Hoskins,  e t  a l .  (1977),  who s t u d i e d  t h e  
1 ' I ,  
l inear barotropic vort ic i ty  equation on the sphere. In the following 
sections, we briefly discuss the current theories of tropical motions 
from an energetics point of view and discuss the reasons why we believe 
t h a t  the process of adjustment might be important. 
1.1 Energetics of Tropical Motion 
The current theories of tropical motions can be easi ly  understood 
in terms of energy generation and conversion. Some researchers (Nitta 
and Yanai, 1969; Burpee, 1972) have suggested that  the kinetic energy 
of wave disturbances in the trades i s  supplied through barotropic 
instabi 1 i  t y ,  which involves a conversion of zonal kinetic energy (ZKE) 
t o  eddy kinetic energy (EKE). Another possible source of E K E  has t o  
do with boundary terms through the divergence of wave energy flux. 
This possibil i ty wqs suggested by Mak (1969) who showed t h a t  in a two- 
layer model large-scale tropical waves can be forced la te ra l ly  by pres- 
sure interaction with middle la t i tude  disturbances. The next possible 
mechanism for increase of E K E  i s  the conversion from eddy available 
potential energy (EAPE) . With the advance of numerical model s incor- 
porating moist convection i t  was suggested that  eddy available potential 
energy in the tropics i s  maintained chiefly by the release of la ten t  
heat and i s  converted to  eddy kinetic energy (Manabe and Samagorinsky, 
1967). 1 I 
Observational studies of the energetics of the tropics have given 
a somewhat inconsistent picture concern'ng the maintenance of easterly 
waves. In the classical baroclinic and barotropic ins tab i l i ty  processes 
in middle la t i tudes i t  i s  clear that  the basic s t a t e  flow must give u p  
potential or kinetic energy t o  the perturbation. However, Ni t t a  ( 1  972)  
showed that  the generation of EAPE over the Marshall Islands due to  
condensational heating and the conversion from E A P E  to  E K E  plays the 
most important role i n  the energy balance of the disturbances. Reed 
e t  a l .  (1977) and Norquist e t  a l .  (1977) found t h a t  barocl inic and 
barotropic conversions contributed almost equally to  the maintenance 
of the kinetic energy of the African waves. 
Theoretical studies (Rennick, 1976; Pedgley and ~rishnamurt i ,  
1976; Simmons, 1977) indicate tha t  the wavelength of the African dis- 
turbancescanbe explained by barotropic ins tab i l i ty  of the basic flow 
because the barotropic conversion term i s  about one order of magnitude 
larger than the baroclinic conversion term. However, other character- 
i s t i c s  of the model resu l t s ,  such as horizontal and vertical structure 
and growth rates ,  are not as well reproduced and one could argue that  
the effect  of la ten t  heat i s  not properly handled. 
Thus, i t  seems t h a t  the mechanisms responsible for  the maintenance 
of tropical waves are dependent on the basic s t a t e  on which the distur- 
bances are superimposed. The dynamics of tropical waves in the Pacific 
region seem t o  be related to  internal energy conversions in which the 
so-cal led CISK mechanism (Conditional - - Instabil i t y  of the - Second - Kind) 
i s  the primary cause. The CISK rl~echanism proposed by Charney and 
El iassen (1964) and Ooyama (1 964) involves an internal convective feed- 
back which enhances the vertical  motion. 
The energy equations imply a continuous generation, conversion, 
and dissipation of energy, b u t  nothing i s  implied with respect to  the 
scale of the atmospheric response to  forcing. 
1.2 Scale and Organization 
,. .. 
An interesting example of the problem of scale and organization 
of tropical motions i s  the CISK mechanism. The concept of CISK as 
i n i t i a l l y  visual ized by Ooyama (1964) and Charney and El iassen (1964) 
involved a cooperative behavior between the small-scale la ten t  heat 
release and the large-scale dynamical f i e ld  in such a way t h a t  the 
condensational heating drives the 1 ow 1 eve1 convergence (through 
boundary layer processes) which in turn supplies moisture t o  the 
* 3 
clouds. In the wave-CISK hypothesis (Yamasaki , 1969; Lindzen, 1974; 
Stevens e t  a l . ,  1977; and many others) the convergence i s  produced by 
the wave dynamics. I t  has been suggested by Gray and Jacobson (1977) 
and McBride and Gray (1979) tha t  the cluster-scale feedback through 
latent  heat release and radiative gradients i s  a powerful forcing 
mechanism which ultimately controls the disturbance. 
The c r i t i ca l  point in the development of the tropical depression 
through the CISK mechanism i s  the need to  lower the surface pressure 
by the heating of a hydrostatic atmospheric column. Increasing the 
intensity of the low pressure requires small dispersion of the heating 
perturbation. In other words, i f  a heating perturbation a t  the center 
of the depression i s  quickly wiped away, and the associated energy 
dispersed to  a large area, the intensification of the system will be 
hindered. Thus, we are interested in the processes which occur a f t e r  
a heating perturbation, not only in terms of the ab i l i t y  of the atmo- 
sphere to  retain the i n i t i a l  s ignal ,  b u t  also the type of circulation 
generated by such forcing. 
Observational studies of the tropical region have indicated that  
the local warming i s  approximately zero although the implied heating 
I 
by the  re lease o f  l a t e n t  heat i n  t he  column ( i n f e r r e d  from p r e c i p i t a -  
t i o n  reach ing  t h e  sur face)  i s  on t h e  o rde r  o f  severa l  degrees per  day 
(Reed and Recker, 1971; Gray, 1973; Yanai e t  a l . ,  1973). Thus, t he re  
i s  observa t iona l  evidence t h a t  t h e  d i spe rs ion  o f  thermal energy ( o r  
e q u i v a l e n t l y  the  d i spe rs ion  o f  t he  geopoten t ia l  p e r t u r b a t i o n )  i s  
impor tan t  i n  t he  r e a l  atmosphere. 
I n  t he  momentum f i e l d  we know t h a t  d i s s i p a t i o n  ac t s  on a  longer  
t ime sca le  (on the  order  of several  days) bu t  there  i s  cons iderab le  
evidence from c loud mode l l ing  t h a t  k i n e t i c  energy may be generated 
by clouds under appropr ia te  cond i t i ons  o f  wind shear (Monc r i e f f  and 
M i l l e r ,  1976; Moncr ie f f ,  1978). A r ecen t  observat ional  s tudy on 
t r o p i c a l  cyclone fo rmat ion  (McBride, 1979) suggests t h a t  t he  c loud  
in f luence on cyclone genesis i s  n o t  o n l y  through the  l a t e n t  heat  
re lease bu t  a l s o  through the  generat ion o f  momentum by clouds, a  
process )hat u l t i m a t e l y  i n h i b i t s  t he  energy d i spe rs ion  as we w i l l  
see l a t e r .  
Thus, i t  seems t h a t  one o f  t h e  bas ic  quest ions t h a t  we have t o  
answer i n  o rder  t o  grasp the  dynamics o f  t r o p i c a l  motions concerns the 
a b i l i t y  of t he  atmosphere t o  a d j u s t  t o  imbalances between pressure 
and wind. 
I n  any of the  mentioned theo r i es  of t r o p i c a l  motions (boundary 
ef Fects, conversion of ZKE t o  EKE, o r  generat ion of EAPE and conversion 
o f  EAPE t o  EKE) an adjustment o f  t h e  mass and wind f i e l d s  i s  imp1 i ed .  
However, the  na ture  o f  t he  r e s u l t i n g  mot ion such as i t s  scale and 
o rgan i za t i on  are  n o t  expla ined by the  energy t rans format ion  equat ions. 
The growth of a  t r o p i c a l  depression through the  CISK mechanism i s  an 
example o f  the  importance o f  t h e  o rgan i za t i on  o f  the  mass and wind f i e l d s .  
The taak of explaining the nature and scale of motions generated 
by such imbialances in the pressure and wind f ie lds  in a generally 
s t r a t i f i ed  atmosphere i s  certainly d i f f i cu l t .  However, in certain 
simplified physical systems the process of dynamical adjustment of the 
pressure and  wind f ie lds  has been studied with success. An example i s  
the so-called geostrophic adjustment problem f i r s t  discussed by 
R.ossby (1938) and Obukhov (1949). 
1.3 The mass-wind adjustment problem 
In general, the geostrophic adjustment problem has been studied 
with the so-called shallow water equations on an f-plane since th is  
i s  the simplest context in which t h s  problem arises .  Rossby's work 
(1  938) considers only the re1 ationshi p between the i ni t i  a1 unbalanced 
s t a t e  and the final geostrophically balanced s ta te .  The linear tran- 
s ient  adjustment was studied for  the one dimensional case by Cahn 
(1945) and for  the two dimensional case by Obukhov  (1949). The effect  
of horizontal shear of the basic f l o ~  (Blumen and Washington, 1969) 
and the e f fec t  of non-1 inear terms (Blumen, 1967) have a1 so been 
considered. Bl umen (1 972) has extensively reviewed studies of the 
geostrophic adjustment problem. 1 
For the type of mass-wind adjustment tha t  occurs in the equatorial 
region the traditional f-plane analysis seems inappropriate in view 
of the small Coriolis parameter. On the other hand ,  the $-effect i s  
maximum a t  the equator suggesting tha t  i t s  inclusion in the problem of 
equatorial mass-wind adjustment might be important. In f a c t ,  the 
$-effect has been considered in the traditional geostrophic 
adjustment problem by Matsumoto (1 960), Dobrischman (1 964), Geisl e r  
and  Dickinson (1972) and others,  b u t  none of these works t r e a t  the 
equatorial case expl ici t ly .  
A variable Coriolis parameter introduces a turning point into 
the different ial  equation for  single frequency waves (Longuet-Higgins, 
1965). As a consequence the wave character of the solution i s  con- 
fined to  a certain domain determined by the turning points; outside 
th is  domain the solution i s  exponentially decaying. As shown by 
Longuet-Higgins ( 1  965) there are in general two turning la t i tudes 
when spherical geometry i s  considered. The usual mid-latitude B- 
plane approximation (Lindzen, 1967) imp1 ies  no turning points, i . e . ,  
the solution i s  wave-like over the whole domain and therefore energy 
i s  allowed t o  disperse t o  in f in i ty  as in Matsumoto's and  Dobrischman's 
work. On the equatorial B-piane there are two turning la t i tudes 
located symmetrically with respect to  the Equator and  therefore the 
energy i s  trapped (Matsuno, 1966; Bretherton, 1964). Since the 
energy i s  trapped, we do not expect a steady geostrophic current to  
be established on the equatorial $-plane because the energy in 
ageostrophic motion (or gravity waves) i s  not allowed to disperse to  
inf ini ty .  Geisl e r  and Dickinson (1.972) use a 1 i near approximation 
2 for  f and only one turning point i s  situated north of the reference 
la t i tude.  Thus, there can be dispersion of gravity waves towards 
the south. 
I t  should be remarked a t  t h i s  point that  the introduction of the 
B-plane approximation into the shallow water equations implies tha t  
the steady geostrophic solution must be zonally directed (Dobrischman 
1964; Blumen, 1972). The more accurate solution on a rotating sphere 
I1 
also gives the same resu l t  for  steady geostrophic flow. However, the 
$-plane approximation allows for  the presence of Rossby waves and  
since these waves are quasi-geostrophic, they may be regarded as  
the adjusted s t a t e  (Matsumoto , 1960). I - 
Thus, our main concern will be to study the character is t ics  of 
the motion that  i s  l e f t  a f t e r  the energy in ageostrophic motion 
(gravity waves) i s  dispersed. 
The use of the shallow water equations t o  study the mass-wind 
adjustment problem i s  not overly res t r ic t ive  because the governing 
equations for  a  s t r a t i f i ed  f lu id ,  linearized about a  basic s t a t e  a t  
r e s t ,  can be separated into horizontal structure equations and a 
vertical structure equation; the horizontal structure equations are 
the shallow water equations and the separation constant H i s  the 
depth of the homogeneous ocean (Taylor, 1936; Eckart, 1960) .  
A considerable amount  of work has been done in oceanography on 
the response of the tropical ocean to  atmospheric forcing. (Yoshida, 
1959; Lighthill ,  1969; Moore and Philander, 1976; Anderson a n d  
Rowlands, 1976; Cane and Sarachick, 1976). The emphasis i s  however, 
on the effect  of wind s t ress  in generating ocean currents and although 
the equations and method of solution are akin t o  our problem the 
objectives are different .  
1.4 Outline 
In th is  study we shall solve an  i n i t i a l  value problem governed 
by the linearized shallow water equations on a n  equatorial @-plane 
(Matsuno, 1966; Lindzen, 1967) .. The basic s t a t e  i s  assumed t o  be a t  
I 
r e s t  although some considerations on how the inclusion of a horizon- 
t a l ly  sheared basic s t a t e  might modify the resu l t s  are discussed in 
Chapter 7 The normal mode technique i s  employed to solve the i n i t i a l  
I. 
value prdbiem since the f ree  wave solutions of the governing equations 
form a complete se t  (Matsuno, 1966). 
In Chapter 2 ,  we review the governing equations and discuss the 
method of solution including a generalization to  the three.dimensiona1 
case ( s t r a t i f i ed  atmosphere). 
The equatorial 8-plane i s  known to be a valid approximation for  
internal modes having small H ( the so-called equivalent depth). For 
the external mode of an isothermal atmosphere, H i s  approximately 
10 km (Lindzen, 1967) and the inclusion of the fu l l  effects  of the 
geometry of the earth are necessary. In Chapter 2 ,  we also show that  
the linearized i n i t i a l  value problem on the sphere i s  a simple gen- 
eralization of the equatorial B-plane solution. The generalization 
i s  accompl ished by replacing the @-plane free wave solutions with 
the spherical free wave solutions,  which are called Hough functions 
(Kasahara, 1976). In Chapter 3 ,  we discuss the process of dispersion 
of energy on the equatorial $-plane and on the sphere ( for  the exter- 
nal mode) under the assumption of zonal periodicity. 
The in i t i a l  value problem with an i n i t i a l  condition in the geo- 
potential f ie ld  and no wind i s  discussed in Chapter 4.  The opposite 
case, i  .e .  no geopotential perturbation b u t  wind perturbation i n i t i a l l y  
i s  treated i n  Chapter 5. The i n i t i a l  value problems discussed in 
Chapter 4 and 5 can also be interpreted as an impulsive forcing in 
the geopotential and momentum f ie lds  respectively. In Chapter 6 the 
I 
adjustment of the mass and wind f i e lds  in the presence of a steady 
I mass sink/source i s  studied. 
I t  turns o u t  t h a t  the internal mode of a two level barocl inic  
model with typical parameters of the tropical atmosphere can be 
I 
we1 1 represented by the equatorial O-pl ane shall ow water equations 
(Chapter 2 )  provided we interpret  the geopotential as thickness (or  
temperature) and the momentum f i e ld  as the wind shear between the 
upper and 1 ower 1 eve1 s . 
Finally, in Chapter 7 ,  we analyze the resul ts  of Chapters 4 ,  5 ,  
and 6 in a unified way, discuss the implications of th i s  work, and 
suggest future research in th is  area. 
2.0 GOVERNING EQUATIONS 
In th is  chapter we discuss the solution of the linearized primitive 
equations on the equatorial 6-plane for  a basic s t a t e  of no motion. 
These equations are separable i n t o  horizontal 1y and  vertical l y  
dependent parts (section 2.1) . The vertical  structure i s  dis-  
cussed in section 2.2 and the horizontal structure which i s  given by 
the so-called shallow water equations i s  treated in section 2.3. The 
free wave solutions so constructed form a complete and orthogonal se t .  
Therefore, an i n i t i a l  condition can be represented by a superposition 
of such free waves and the solution for  the i n i t i a l  value problem can 
be easily obtained as shown in section 2.4. The inclusion of Rayleigh 
damping terms and thermal forcing can also be easi ly  accomplished as 
shown in section 2.4.  
The generalization of the solution of the in i t i a l  value problem 
t o  the sphere can be done using Hough functions computed by the method 
of Kasahara (1976). In section 2.5, we show how th is  can be done. 
2.1 Perturbation Equations 
The perturbation equations on an equatorial B-plane for a basic 
s t a t e  of no motion are 
where (u,v) a r e  t h e  eastward and nor thward  v e l o c i t y  components and 
* i s  t h e  v e r t i c a l  v e l o c i t y  i n  t h e  p -coord ina te ;  $ i s  t h e  geopoten- W = d t  
t i a l  , f i s  t h e  C o r i o l i s  parameter ( f  = 2  R s i n ?  ) where f i s  t h e  l a t i -  
- - a a 3  tude, and a =  ( -  I-  ) i s  t h e  s t a t i c  s t a b i l i t y  parameter of t h e  b a s i c  
e ap 
s t a t e  atmosphere. For  a  s t a t i c a l l y  s t a b l e  atmosphere i? i s ' a  p o s i t i v e  
parameter.  I I 
Equat ions (2.1 .c )  and (2.1 .d)  can be combined t o  e l i m i n a t g  o 
r e s u l t i n g  i n  
, . 
I r,, ..7 . . 8 
where \V = (u,v) .  Equat ions (2.1 .a) ,  (2 .1  .b) and (2.2) c o n s t i t u t e  a  
system o f  t h r e e  equat ions f o r  t h e  t h r e e  unknowns u, v  and @ .  The 
n e x t  s t e p  t o  s o l v e  (2.1 .a) ,  (2.1 .b)  and (2.2) i s  t o  assume 
where c-' i s  a  c o n s t a n t  o f  p r o p o r t i o n a l i t y .  Equa t ion  (2 .3)  i s  f o r m a l l y  
e q u i v a l e n t  t o  assuming t h a t  t h e  s o l u t i o n  o f  (2 .1)  i s  separab le  i n t o  
h o r i z o n t a l  and v e r t i c a l  dependent equa t ions  as i s  u s u a l l y  done (e.g. 
L indzen, 1967).  Given s u i t a b l e  v e r t i c a l  boundary c o n d i t i o n s  , t h e  
c o n s t a n t  c2 can be determined as an e igenva lue  o f  ( 2 . 3 ) .  The c o n s t a n t  
c  has t h e  dimension o f  speed and t h e r e f o r e  we can w r i t e  c2 = gH where 
H has dimension o f  h e i g h t .  Equat ions (2.1 . a ) ,  (2.1 . b )  and (2 .2)  reduce 
t o  a  system o f  equa t ions  independent o f  p ressure ,  namely 
for each 'eigenvalue H of (2.3).  
The system ( 2 . 4 )  i s  the so-called divergent barotropic model, i  .e. 
the governing equations for  a layer of incompressible and homogeneous 
fluid with a f ree surface in hydrostatic balance. Equations (2.4) are 
also known as the shallow water equations. The coefficient H in 
(2.4.c) i s  known as the equivalent depth af te r  Taylor (1936). For the 
sake of cgmpleteness, we discuss the free wave solutions of (2.4) in 
section 2.3; these solutions were originally discussed by Matsuno 
(1 9 6 6 ) .  
A1 ternatively,  (2.4) can be interpreted as the system of equations 
governing a two level baroclinic model in p-coordinate, as shown by 
Matsuno (1966). Let us f i r s t  divide the atmosphere into two discrete 
layers as shown in Figure 2.1. The u and v components of the wind 
and the geopotential are defined a t  the odd levels;  the vertical  p- 
velocity w i s  defined a t  the even leveis.  Tt-,e boundary conditions are 
- w0-uq ' 0 .  The linearized governing equations about a basic s t a t e  a t  
res t  are 
Figure 2.1 Ver t ica l  s t agge r in?  o f  variables in  a 
two-level barocl i n ic  model. 
-- - a aF where o2 = ( -  - - ) S u b t r a c t i n g  (2.5.b)  and (2 .5 .d)  from (2 .5 .a )  0 3p 2 '  
and ( 2 . 5 . c )  r e s p e c t i v e l y  and d e f i n i n g  
we g e t  1 
The o b j e c t i v e  now i s  t o  reduce  (2.5.e) ,  ( 2 . 5 . f )  and (2 .5 .9)  t o  
one s i n g l e  e q u a t i o n  i n  u d y  vd and @d s i m i l a r  t o  ( 2 . 4 . c ) .  T h i s  can be 
ach ieved by s u b t r a c t i n g  (2 .5 .e)  f r o m  ( 2 . 5 . f )  and s u b s t i t u t i n g  t h e  
r e s u l t  i n  t h e  thermodynar~i ic  equL i t i on  (2 .5 .9) .  The f i n a l  e q u a t i o n  i s  
where \Vd = (ud, v d )  Comparing (2.9) with (2.4) we see t h a t  the equiv- 
alence i s  perfect provided we interpret u and v in (2.4) 3s the wind 
shear and @ as the thickness (or temperature). The speed of pure 
gravity waves on the f luid of depth H in ( 2 . 4 )  i s  now 
and represents thephasespeed of a n  internal gravity wave in the two 
1 eve1 barocl i ni c model . 
Although the main concern of th is  research i s  the horizontal 
I 
structure of (2.1) for  a specified vertical  mode H, i t  i s  'useful t o  
consider some particular solutions of (2 .3) .  This i s  the objective 
of the next section. 
2 .2  Vertical structure 
Let us f i r s t  consider the solution of (2.3) under the bouqdary 
conditions 
w = O  a t  p = O  and p = p o .  
The boundary conditions (2.11) can be easi ly  seen t o  be equivalent to 
If we further assume that  the s t a t i c  s t ab i l i t y  i s  constant with pres- 
1. 
sure .the solutions of (2.3) are given by I i 
@. = t i .  cos 
J J  4':~ 
where the A .  a re  a rb i t r a ry  constants and the eigenvalues c a re  such 
J j 
t h a t  
I 
The horizontal divergence has t h i s  same ver t i ca l  s t ruc tu re  according 
t o  ( 2 . 4 . ' ~ )  s ince  we can a l so  assume a separable solution i n  time. The. 
j = 0 mode has constant divergence w i t h  height and corresponds t o  the 
barotropic non-divergent mode because o f  the boundary conditions (2.11 ) . 
The equivalent depth of the j = 0 mode i s  i n f i n i t y  according t o  (2.14) 
2 since gH = c  . 
j j 
The j = 1  mode has one level of zero divergence a t  p=500  mb while 
the j = 2 mode has two and so on. The barotropic divergent mode ( o r  
the  so-called external mode) has been eliminated from t h i s  analys is  *- oecause of the boundary condition (2.11).  Had we assumed gw= d t  - 0 
as the boundary condit ion,  (2.12) a t  p = po would be replaced by 
where po i s  the a i r  density a t  p =  p o .  The usual approximation of 
applying the lower boundary condition a t  a pressure surface p =  p o =  
const.  has been applied in (2.15). In t h i s  case the functional form 
H 
of the ver t ica l  s t ruc tu re  of C#I i s  s t i l l  given by (2.13) b u t  the eigen- 
values c .  are  defined by the transcendental equation 
J 
It. 
Table 2.1 contains a summary of the resul ts  for  the f i r s t  f i v e  values 
of the eigenvalue c with the boundary condition ( 2 . 1 1 )  a t  p =  0 and 
j 
with (2.15) applied a t  the lower boundary p = po . The numerical values 
of po,  o and p are respectively 1000 mb, 1.6 x 106m4s2kg-2 and 1 . 2  
0 
kgrnm3. I t  i s  clearly seen t h a t  the effect  of having w = O  a t  p = p o  
i s  simply to  eliminate the barotropic divergent solutions o f  ( 2 . 1 )  
while the internal modes are practically unchanged. 
' ,  
I 
Table 2 .1 .  Eigenvalues c of (2.16) with w =  0 a t  
j 
p = O  and p = p n  and with w = O  a t  p = O  
. < 
' L  
The resul ts  obtained above are dependent on the as:urnptiqn of 
., , - # I  
constant s t a t i c  stabi 1 i  ty 5 with pressure. ~acobs.  and Wi 
(1966) have shown t h a t  (2.3) with the boundary conditions (2.11 ) can 
be sdlved in terms of Bessel functions i f  o i s  evaluated for  a basic 
s t a t e  characlerized by constant lapse rate .  Wi in-Niel sen (1971 
I 
general ized the i r  solution to  the more real i s t i c  lower boundary condi- 
tion (2.15). In b o t h  cases the spectrum i s  discrete.  For a n  iso- 
thermal basic s t a t e  the spectrum consists of a discrete part given 
by the barotropic mode and a continuous part .  However, for the 
I 1  
purposes of th i s  research the assumption of constant i s  suff ic ient  
ll 
and therkfore there i s  no need to  enter into the de ta i l s  of the more 
r e a l i s t i c  basic s t a t e  discussed by Wiin-Nielsen (1971 ) .  
Our main concern for  th is  research i s  that  (2.3) with the boundary 
condition ( 2 . 1 1 )  or (2.15) a t  p = p  form a Sturm-Liouville type bound- 
0 
ary va1l;e problem (Morse and  Feshback, 1953). Thus, the corresponding 
solutions $ .  are orthogonal in the sense that  
J 
(where 6i  i s  the Kronecher delta function) and form a complete se t  , j 
in the interval [o, p o l .  Consequently, any function of p can be rep- 
resented by a ser ies  of eigenfunctions $ in the interval [o, p o l  as 
j 
where G ( p )  i s  the arbi t rary function of p and 
In (2.18) we have assumed t h a t  the 4 .  are normalized such that 
J 
As a consequence of the completeness and orthonormality of Q any j ' 
i n i t i a l  condition which i s  separable in vertical  and horizontal struc- 
ture can be projected onto the vertical  modes given by (2 .13)  with c 
I j 
given eith-er by (2.14) or (2.16). We now proceed t o  solve (2.4) ,  
which gives the horizontal structure of any solution of ( 2 . 1  ) .  
I I 
2.3 Horizontal structure 
The horizontal structure of the solution of ( 2 . 1 )  i s  given by the 
I, 
shallow water equations ( 2 . 4 ) .  These equations on the equatorial B- 
plane were f i r s t  successfully solved by Matsuno (1966). His method of 
solution i s  employed in th is  section and an extention to  the zonally 
I 
symmetric case i s  performed in section 2.3.3. I ! 
I t  i s  convenient t o  transform the shallow water equations ( 2 . 4 )  
t o  non-dimensional form. The natural scaling for  system (2.4) i s  
where c i s  an eigenvalue of (2.3) corresponding to  the wave speed of 
pure gravity waves on a f luid of depth H (c  = m). The length scale 
[L]  can be interpreted as the usual Rossby radius of deformation 
h = $- evaluated a t  1 a t i  tude [L] i .e .  , 
[L]  = X i [ L ] i  = c - c 
f ( [ L ] )  - m 9  
and [TI  i s  the inverse of the Coriol i s  parameter a t  the la t i tude [L]  
(Cane and Sarachi k, 1976). Figure 2 . 2  shows the number of non-dimen- 
' 1  
sional time units per day ( l e f t  scale) or the time scal'e [TI  ( r ight  
scale) in days as a function of the eigenvalue c = m. The number of 
non-dimensional length units per 1000 km as a function of c i s  dis- 
played in Figure 2.3 ( l e f t  scale) .  The length scale [L]  i s  shown on 
the r ight  scale of  Figure 2 .2 .  
l day 
Figure 2 . 2  Number of non-dimensional time units per day 
( l e f t  scale) or time scale [TI in days ( r i g h t  
scale) as a function of c = m. 
(days) 
Figure 2.3 Number of non-dimensional length units per 
1000 km (left scale) or length scale [L] in 
kilometers (right scale) as a function of 
c=J-$r. 
I I '  
Taking gH as  the scal ing f o r  r) i n  (2 .4 ) ,  the  non-dimensional forms 
of the shallow water equations become 
where the  symbol (")  r e fe r s  t o  non-dimensional quan t i t i e s .  After 
dropping the symbol ( ^ )  f o r  s impl ic i ty ,  we wri te  (2.23) i n  vector form 
as I 
where 
and the  1 inear operator R i s  defined by 
We shal l  f i r s t  assume t h a t  < ( x , y , t )  i s  cyc l i c  in the zonal direc-  
t ion with zonal period L,. Thus, < ( x , y , t )  can be represented as  a 
s e r i e s  i n  the zonal d i rect ion as 
I' 
2  7T where k  i s  c o n f i n e d  t o  m u l t i p l e  va lues  o f  r s i n c e  we have imposed 
X 
zonal  p e r i o d i c i t y  o f  l e n g t h  Lx, i . e . ,  
The boundary c o n d i t i o n  i n  t h e  m e r i d i o n a l  d i r e c t i o n  i s  
compat ib le  w i t h  t h e  i n f i n i t e  e q u a t o r i a l  B-plane. 
i w k t S .  i .  
We now seek s o l u t i o n s  o f  (2.24) p r o p o r t i o n a l  t o  e  , where the 
uk a r e  t h e  e igen f requenc ies  a s s o c i a t e d  w i t h  t h e  zonal  wavenunlber k .  
The system o f  equa t ions  t o  be so lved  takes  t h e  form 
o r  i n  v e c t o r  fo rm 
a 
where ilk i s  de f ined  as i n  (2.26) excep t  t h a t  + i k  . S o l v i n g  (2.31 ) 
s u b j e c t  t o  t h e  boundary c o n d i t i o n  (2.29) poses an e igenva lue  problem 
which can be e a s i l y  s o l v e d  as shown i n  s e c t i o n  2.3.1. The e igen func -  
t i o n s  , o f  (2.31 ) fo rm a  complete and o r thogona l  s e t  (Matsuno, 196fi; Cane 
and Sarach i  k, 1976) and t h e r e f o r e ,  any mathemat ica l  l y  "we1 1  behaved" 
i n i t i a l  c o n d i t i o n  <(x,y,o) can be rep resen ted  by a  s e r i e s  o f  t h e  
eigenfunct ions.  For t h e  o b j e c t i v e s  o f  t h i s  research, i t  i s  s u f f i c i e n t  
t o  cons ider  a  square i n t e g r a b l e  f u n c t i o n  i n  t he  i n t e r v a l  ( -  ,+a ) as 
a "we l l  behaved" f u n c t i o n .  
I n  s e c t i o n  2.4, we use the  completeness and o r t h o g o n a l i t y  o f  t he  
e igenfunct ions o f  t he  l i n e a r i z e d  sha l low water  equat ions about a  bas ic  
s t a t e  a t  r e s t  t o  f o rmu la te  t he  i n i t i a l  va lue  problem. 
2.3.1 Eigenfrequencies 
The vec to r  equat ion (2.31) can be reduced t o  t he  s i n g l e  o r d i n a r y  
. ( ,I 
d i f f e r e n t i a l  equat ion i n  t he  mer id i ona l  v e l o c i t y  v 
w i t h  t he  boundary c o n d i t i o n  de r i ved  f rom (2.29) 
The o r i g i n a l  system of t h r e e  equat ions and th ree  unknowns has 
been reduced t o  an equat ion  of t h e  S t u r m - L i o u v i l l e  t ype  known as t he  
~ c h r o d i n g e r  equat ion.  The customary way t o  so l ve  t h a t  equat ion  i s  t o  
f a c t o r  o u t  t he  behavior  o f  t he  s o l u t i o n s  a t  i n f i n i t y  by s e t t i n g  
ll 
which reduces (2.32) t o  a  Hermi te d i f f e r e n t i a l  equat ion.  The f i n a l  




wh;re Hn(y) i s  the Hermite polynomial of order n .  The def in i t ion  of 
Hermite polynomials and some of t h e i r  propert ies are  shown in Appendix 
A . (2.35) i s  a t h i rd  order polynomial in w k  provided the  longitudinal 
wavenumber k and the  index n a re  speci f ied .  For each n , vie have a 
lo qe f in i t e  meridional s t ruc tu re  which i s  ca l led  mode n .  Two of the  
roots of (2.35) correspond t o  i n e r t i  a-gravi t y  waves : one which 
propagates t o  the  west (U > 0)  and the  other t o  the e a s t  (w < 0 ) .  The 
th i rd  root  corresponds t o  a westward propagating Rossby wave (w > 0). 
Therefore, the  eigenfrequencies of (2.32) a re  perfect ly  characterized 
by three  indices k ,  n ,  and r where k i s  the zonal wavenumber, n i s  t h e  
meridional mode, and r i s  0 ,  1 o r  2 ,  i . e .  
W 
k , n , Q  
-t Rossby wave 
1 : t 




1 , k,n,2 
+ Eastward propagating cjrevi ty wave. 
1, i - 1 
An approximation f o r  the  three  roots  of (2.35) can be ea s i l y  
obtained using the following re la t ionships  
and assuming that wk - " -o k,n,2 ' The results are ,n,l 
The lplus sign in (2.36) gives the frequency of the westward propa 
gating inertia-gravity wave and the negative sign corresponds to the 
eastward moving inertia-gravity wave. The third root given by (2.37) 
is the westward moving Rossby wave. Note that the frequency o f  the 
Rossby wave is zero if the wavenumber k is zero. For ~ossby ';odes the 
zero frequency exhibits degeneracy since there is more than one eigen- 
function corresponding to it as we will see later. 
The three roots of (2.35) for n = 0 are 
of n assuming that n is a continuous parameter, i .e. 
Thus, 
k 1 for k < 
i = I 7-F W k,0,1 (2.43) -,! ' , I  1 .  for k > -- 
- 42 
1 " for k < - 
~12" 
W k,O,O 
J(+)*+I - - 2 for k > - 1 
W 
- k,0,2 - - 4 -  for all k (2.44) 
, I  ' 5  
' 
(2.42) 
, where u 
L , k,O,O corresponds to the Rossby wave, u k,0,1 to the westward 
- J Y  
, . ,  propagating gravity wave and u k,0,2 to the eastward propagati ng gravi ty 
wave. The peculiar behavior of the n = O  mode led Matsuno to inspect 
more carefully the character of the associated eigenfunctions. He 
showed that the @-eigenfunction associated with the root ukYg= k does 
not satisfy the boundary condition $ + 0 as y-t 2 a and therefore has to 
be neglectsd. Blandford (1966), in a similar study, failed to recog- 
nize the peculiar behavior of the n =  0 mode and considebed the w =  k 
solution as being valid. 
In view of the peculiar behavior of the n = 0 mode, we see that 
C 
U k , ~  ,O does not exist for k < 2 - h  and ukYO ,l does not exist for 
1 
k - > 2 -' and that u merges continuously to w at k = ~ - ' ~ .  
k,o $1 k YO 30 I 
Thus, for small k the westward moviny solution of the n = 0 mode 
osci 1 lates with higher frequency (in the gravity wave regime ) while 
for large k the frequency is low (Rossby wave regime). This is the 
so-called mixed Rossby-gravity wave. 
Matsuno (1966) also points out the existence of another possible 
solution not included in (2.35).  Putting v = 0 in the system of govern- 
ing equations (2 .30) ,  we get 
The f i r s t  and third equations form a system of two algebraic 
equations which has a non-trivial solution only i f  
and there 
Equation (2.45) can now be written as 
'ore 
and the solutions are 
Z 
+ k  = U k  = a e  
- 4  for w k = - k  , 
2 
4k = - U k  = a 
4Y for  w = k , k 
I - .  
" wherera i s  an arbi t rary constant. However, the solution torresponding 
' to  u k =  k i s  not bounded as y + k w  and i t  has t o  be rejected. Matsuno 
points out that  the solution w k =  - t  can be obtained from the frequency 
equation (2.35) i f  we s e t  n = - 1 .  This particular solution i s  called 
the n = - 1  mode and can be considered an eastward propagating wave with 
v Z O ,  which i s  also called the Kelvin mode. The eigenfrequency as 
associated with the Kelvin wave i s  labelled w since i t  i,s an k , - 1  ,2 
I 
eastward propagating wave. ;(" 
2.3.2 Eigenfunctions for  k f O  I i 
Multiplying (2.30.a) by iwk and (2.30.c) by -ik and adding the 
I 
resu l t s ,  we get I 
provided w k  # ?!: . 
I, 
If  u k = - k  the associated eigenfunction has already 
I I 
been found (2.46). Analogously , 
The next step i s  to subst i tute  v k  into (2.48) and (2.49) by the  already 
known solution given in terms of Hermite polynomials (2.34).  The 
resu l t  i s  
and 
Making use of the recurrence formula and the differentiation formula 
for Hermite polynomials, we obtain 
In vector form, the eigensolution 5 is 
k,n,r 
where the indices k and n refer, respectively, to a particular zonal 
wavenumber and meridional mode, and r = O ,  1 or 2 depending on whether 
we are considering the Rossby mode, westward or eastward propagating 
gravity wave, respectively. 
The parity of the eigensolutions 5 (y) follows from the parity 
k,n,r 
of Hermi te polynomials because Hn(y) is even or odd if n is even or odd 
respectively. When n is odd the u and @ fields are symmetric relative 
to the equator and the v-field is antisymmetric. This case is called 
symtiietric after Longuet-Higgins (1968). The vk field is even if n is 
even and the associated uk and @k fields are odd; this is called the 
antisymmetric mode. 
Equation (2.54) is valid for n = 0 but the index r takes the value 
1 and 2 if k < 2-' or 0 and 2 if k > 2-' as described earlier. The 
ll - 
eigensolution associated with the Kelvin mode (n = -1 ) can be written as 
since Ho(y) i s  a constant according t o  A.3 .  
The magnitude of the eigenfunctions 5 a re  a rb i t r a ry  so f a r .  k,n,r 
In order to  normal'ize the eigenfunctions, we require t h a t  the t o t a l  
energy integrated over the y-domain ( -  , + a  ) i s  invar iant  f o r  each 
mode corresponding t o  each eigenfrequency. The integrated t o t a l  energy 
E i s  eas i ly  obtained by the k ine t i c  energy equation (multiplying k,n,r 
(2.30.a) and (2.30.b) by u k  and v k ,  respect ively) ,  adding the r e s u l t  
t o  the avai lable  potential  energy equation (mu1 t i p l y i  ng (2.30.c)  by $11 
and in tegrat ing over the  whole domain ( -  a ,+a ) using the boundary 
conditions (2.29).  The r e s u l t  i s  
. f  ' 
where the symbol < > indicates  the  inner product 
* * * 
' U  + v k n r  k , n , r  kynyr  vkynyr '@kynyr @ k y n y r  dy . 
In (2 .57)  the symbol (*)  denotes the complex conjugate. Thus, the 
magnitude of the normalized eigenvectors can be e a s i l y  obtained by 
dividing the previously obtained 5 by i t s  norm defined by (2 .56) .  
k y n y r  
I I 
The norm of 5 i s  k,n,r 
From now on, when we r e f e r  t o  t h e  e i g e n f u n c t i o n  ck we should  
,n,r 
i n t e r p r e t  i t  as 
I ll 
t h e  no rma l i zed  e i g e n f u n c t i o n  
II 
2 .3.3 E i g e n f u n c t i o n  o f  t h e  z o n a l l y  symmetric case ( k  = 0)  
As we have a1 ready d iscussed,  t h e  z o n a l l y  symmetr ic case ( k  = 0) 
presen ts  a  degenerate behav io r  s i n c e  t h e  e igen f requenc ies  o f  t h e  Rossby 
mode a r e  a l l  zero .  A lso ,  t h e  d i s t i n c t i o n  o f  eastward and westward 
moving waves looses  meaning when k = 0 ;  t h e  e igen f requenc ies  of g r a v i t y  
modes appear i n  p a i r s  o f  p o s i t i v e  and n e g a t i v e  va lues  f o r  t h e  same 
m e r i d i o n a l  number n. 
The o b j e c t i v e  o f  t h i s  s e c t i o n  i s  t o  c o n s t r u c t  a  s e t  o f  or thonormal  
e igenvec to rs  a s s o c i a t e d  w i t h  t h e  z o n a l l y  symmetric degenerate mode. 
Remembering t h a t  w =  0 when k =  0 f o r  t h e  Rossby mode, (2.30) i s  reduced 
which i s  t h e  govern ing  e q u a t i o n  f o r  a  zonal  g e o s t r o p h i c  c u r r e n t .  The 
Rossby mode f o r  k = 0 i s  c a l l e d  t h e  g e o s t r o p h i c  mode a f t e r  Kasahara 
(1978) s i n c e  t h e  same govern ing  e q u a t i o n  i s  o b t a i n e d  w i t h  s p h e r i c a l  
geometry except for  the curvature terms in (2.60.a). Kasahara's 
approach for  constructing the normal modes of (2.60) i s  to  assume poly- 
nomial functions of various degrees for  u o  and calculate @o or vice 
versa. The geostrophic modes so obtained are not orthogonal b u t  a 
simple vector orthogonalization routine based on the Gram-Schmidt 
process can be applied. Tribbia (1978) retained the normal mode ex- 
pansion for  the zonally symmetric case considering t h a t  any geos trophic 
u and $ are eigenfunctions of (2.60). The resulting eigenvectors can 
also be orthogonalized. 
Although Kasahara's or Tribbia 's  approach could be applied t o  our 
problem, a close look a t  the normalized eigenfunctions defined by 
(2 .59)  suggests an a1 ternative procedure. I I 
The eigenfunctions 5 (y)  form a complete and outhonor~nal se t  
k,n,r 
i f  k f 0 (Matsuno, 1966; Cane and Sarachi k ,  1976). The orthogonality 
proof however, f a i l s  i f  degeneracy occurs. This i s  exactly the case 
for  Rossby modes i f  k = 0. B u t  we might speculate on the nature of 
the eigenfuncticns 5 
k,n,O 
(y) as k tends to  zero. F i r s t ,  we shall 
prove that  such a l imit  exis ts  and then that  i t  s a t i s f i e s  the govern- 
i n g  equations for  zonal geostrophic current. Secondly, we consider 
the orthogonality and completeness of the limiting s e t  of eigenfunc- 
tions. 
The frequencies of Rossby type waves have the following asymptotic 
behavior for  small zonal wavenumber k ,  
In order to  obtain (2.61) we use the f ac t  that  inertia-gravity waves 
for k = 0 have frequency I ' 1  
and t h e  r e l a t i o n  
The no rma l i zed  zona l  w ind component o f  t h e  e i g e n s o l u t i o n s  6 ( y )  k,n,O 
L e t  us c o n s i d e r  now t h e  a s y m p t o t i c  b e h a v i o r  of  u  
k,n,O 
as k + O .  Sub- 
s t i t u t i n g  wk 
,n,O 
from (2 .61)  i n  (2.64), t a k i n g  t h e  l i m i t  as k + O  and 
a p p l y i n g  L ' H o p i t a l ' s  r u l e  we f i n d  t h a t  
~ n a l o g o u s l ~ ,  we o b t a i n  
and 
Thus, as k + O  t h e  e i g e n f u n c t i o n  a s s o c i a t e d  w i t h  t h e  n ' t h  m e r i d i o n a l  
mode of  t h e  Rossby wave tends  t o  a f u n c t i o n  which i s  a  comb ina t ion  of  
Hermi te  f u n c t i o n s  of  o r d e r  (n-1) and ( n + l ) .  I t  i s  an easy t a s k  t o  
I 
prove that (2.65) satisfy the zonal geostrophic equation (2.60) if we 
use the recurrence relation (A.4) and the differentiation formula for 
Hermite polynomials (A. 5). The orthonormal i ty is a1 so easily proved 
using (A. 1 ) .  The completeness follows from the completeness of Hermi te 
functions. We can now write I 
and 5 (y) form an orthonormal and complete set of eigenfunctions 
k,n,r 
I 
over the whole range of k. 
The completeness of the eigenfunctions Ckyn -(y) in the interval 
I. . - 
(-rn ,+m) and the completeness of eikx in the interval (-Lxy Lx) with 






The dimensional form of the eigenfunction 5 (y) iS clear ly k y n y r  
seen to  be dependent on c and therefore i t  can be written as 
I 
j 
where the symbol ( ^ )  has been replaced over the non-dimensional 
variables. 
,.4 In i t i a l  Value Problem - Equatorial B-plane 
Let us consider now the solution of system (2.1) with a specified 
distribution of diabatic heating Q and momentum forcing ( F x .  FYI .  
More precisely, we propose to solve 
where K i s  a Rayleigh drag coefficient in (2.71 .a )  and (2 .71  . b ) ,  and 
the r a t e  coefficient for  Newtonian cooling in (2 .71  . c ) .  These l inear  
terms are n o t  necessary for the method of solution here described 
I 
b u t  they correspond to the simplest form of restoring forces ; h a t  
might a r i se  as the system i s  disturbed from r e s t .  
We will make use of the coinpleteness of the eigensolutions of 
the vertical  structure equation (2.3) and the eigensolutions of the 
1 inearized shallow water equations to solve (2 .4) .  We f i r s t  ex~and 
u(x ,y ,p , t ) ,  v (x ,y ,p , t ) ,  @(x ,y ,p , t )  and the term on the r ight  hand side 
of (2 .71  . c )  into a ser ies  of the eigensolutions @ . ( p )  of the vertical  
J 
structure_equation as in (2.18) obtaining i 
where u j ,  v j ,  O j ,  qj,  Fx , j  and F are the expansion coeff ic ients ,  Y , j  
generally functions of x,y and t defined by (2.19) and J i s  the trun- 
cation l imit  of the vertical modes. In order t o  write ( 2 . 7 2 )  we have 
assumed that the eigenvalues of the vertical  structure equation form 
a discrete  s e t .  However, i f  the spectrum of the vertical  structure 
equation i s  continuous as in an unbounded atmosphere (Eckart, 1960), 
the sum in ( 2 . 7 2 )  i s  replaced by an integral .  If the spectrum i s  
part discrete and part continuous, ( 2 . 7 2 )  should be rewritten as com- 
bination of sum and integral respsctively. 
, : . - '  " 
The ser ies  expansion (2.72) i s  assured by the completeness of $ 
j 
as discussed in section 2.2.  Substituting (2 .72 )  into (2 .71  ) ,  mu1 ti- 
plying (2.71 . a ) ,  (2.71. b )  and (2.71 . c )  by $i ( p )  , integrating over the 
interval [oypo] and using the orthogonality of @ . ( p )  we obtain 
J 
where '(2.3) has a1 so been appl ied. 
We now see t h a t  a f t e r  projecting the solution (u,v,$) onto the 
vertical modes, we get a system of equations for  the expansion coef- 
f ic ien ts  which i s  simply the linearized shallow water equations dis- 
cussed insec t ion  2 . 3  with non-homogeneous terms in representing the 
external forcing and the l inear damping terms. 
I t  i s  convenient to  work with the non-dimensional form of (2.73) 
using the time and length scales shown in section 2.3 and write i t  
in vector form as 
where 6 and are defined by (2.25) and (2.26), respectively, and 
f 
In the two-level baroclinic model discussed in section 2.1, the 
inclusion of l inear damping terms and a specifled external forcing 
yields the vector equation (2.75) with 
The main concern of th is  research i s  the solution of ( 2 . 7 1  ) for 
a specified equivalent depth; we thus drop the index 'j' on the right 
hapd side of (2.74) for  simplicity. I t  should be remembered that  the 
l r J 
solution of ( 2 . 7 4 )  can e i ther  be interpreted as one particular internal 
'mode or as  the wind shear and thickness of the two-level baroclinic 
, .model of section 2.1. 
We can clearly assume t h a t  the solution ~ ( x , y , t )  and the forcing 
IF - (xYyyt )  can be represented by a ser ies  of the eigenfunctions 
J 
"k,n,r (y)  e ikx  as discussed a t  the end of section 2 . 3 .  According t o  
( 2 . 6 7 )  we have 
and 
where K and N are the truncation l imits  of the Fourier ser ies  in the 
zonal direction and of meridional modes, respectively. Substituting 
(2.78) and (2.79) into (2.74), multiplying the resu l t  by E[y2ym(y)y 
integrating over the whole domain S (S  = {(x,y)  / xe[-L , L ]  , ye(-..,+a) I )  
and applying the boundary condition (2.29) we obtain 
for  each k, n and r in (2.78). The above equation i s  familiar from the 
theory of the l inear  harmonic osc i l la tor  problem. The general solution 
of (2.80) i s  
exp [-(iw - K )  (s-t)] ds . k,n,r 
 his i s  the solution presented by Cane and Sarzchik (1976) except for  
the damping term K .  
Let us consider now some particular solutions of (2.81). If there 
i s  no external forcing and there are no damping terms in (2.74) the 
solution of (2.80) reduces t o  
C ( t )  = c 
k , n , r  k , n , r  ( 0 )  exp (iw k,n,r t j  , 
where c (0)  i s  determined from the i n i t i a l  conditions ~ ( x , y , O )  as 
k,n,,r 
"k,n,r (0)  = < S k ( ~ . O )  ck ,n , r  ( Y ) >  , (2.83) 
where 
where 
Thus, t h e  s o l u t i o n  o f  (2.74) reduces t o  a s u p e r p o s i t i o n  o f  t h e  f r e e  
wave s o l u t i o n s ,  each o s c i l l a t i n g  a t  i t s  own f requency.  
I f  t h e  i n i t i a l  c o n d i t i o n  i s  c(x,y,O) K O  and t h e  f o r c i n b  i s  a t  a  
and 
s i n g l e  f requency  v such t h a t  
IF(x,y,t) = 'F(x,Y) e 
- i v t  
t h e  s o l u t i o n  o f  (2.80) i s  s i m p l i f i e d  t o  
i s  t h e  F o u r i e r  component o f  t h e  f o r c i n g  IF a t  wavenumber k.  The second 
I 
t e rm w i t h i n  b r a c k e t s  i n  t h e  numerator o f  (2.86) i s  t h e  t r a n s i e n t  s o l u -  
t i o n ;  i f  K > 0 t h e  a s y m p t o t i c  b e h a v i o r  o f  (2.86) i s  
f o r  a  s teady f o r c i n g  we have 
I f  t h e r e  i s  no damping, (2.90) i s  s i n g u l a r  f o r  g e o s t r o p h i c  modes. How- 
ever,  f o r  a  s teady f o r c i n g  we have 
Thus, a t  resonance we have the algebraic or secular growth represented 
by (2.91). We clearly see tha t  the closer the frequency of the forcing 
i s  t o  the natural frequencies of the system, the larger i s  the response. 
Our main concern in th is  research i s  the horizontal s t ructure of 
the solution of (2.71) for  particular values of j .  The equatorial B-  
plane i s  known t o  be a good approximation for  the internal modes of 
small equivalent depth (Lindzen, 1967). For the external mode (or 
large equivalent depth H )  the meridional structure of the eigensolu- 
tions 5 
k,n,R (y)  i s  n o t  trapped near the Equator except for  low n and  
therefore a more accurate geometry and Coriol i s  term in (2 .71 )  i s  
necessary. In the next section, we show that  the solution on  the 
sphere i s  formally the same as on the equatorial 8-plane except t h a t  
the eigensolutions of the horizontal structure equation are now 
given by Hough functions (Longuet-Higgins, 1968). 
2.5 In i t ia l  value problem-sphere 
The perturbation equations on the sphere using the same basic 
s t a t e  as in (2.1) are 
I1 
where the notation i s  the same as in (2.1) except that  X i s  the longi- 
tude, i s  the la t i tude ,  a i s  the radius of the ear th,  
, land 
.Combining (2.92.c) with (2.92.d) we obtain ( 2 . 2 )  except t h a t  the diver- 
gence i s  now defined by (2.93). The condition for separabili ty into 
horizontal and vertical structure equations i s  seen to  be the same as 
before and therefore the vertical  structure equation i s  given by ( 2 . 3 )  
where c = gH . i s  the separation constant. The horizontal structure 
j J 
i s  now given by the linearized shallow water equations over a sphere 
where V V .  i s  given by (2.93). We can scale (2.94) by 
J 
where c = i s  the j - t h  eigenvalue of the vertical  structure 
j g H ~  
equation (2.3) a n d  H. i s  the equivalent depth. As in the equatorial 
J 
6-plane case, we write (2.94) in vector form as 
I1 

















Equation ( 2 . 9 6 )  i s  usually termed Laplace's t idal  equations and 
the solutions have been discussed in great detail  by Longuet-Higgins 
(1968) and more recently by Kasahara (1976). The solution x .  of (2 .96 )  
J 
dropping the subscript j ,  i s  expressed by 
where H (h,?) represents the horizontal structure of normal modes 
s ,Q 
with s denoting the wavenumber in the zonal direction (5 = 0,l ,2,.. . )  
l~ 
R the meridional index and a the dimensionless frequency of the 
s,R 
normal modes. The longitudinal dependence of H (A,Y) i s  given by 
s,R 
(Ay 1 = Osy,(  9) exp ( i  s A )  , 
where B s Y L  i s  called the Hough vector t h a t  has three Components, namely 
I 
The eigenfrequencies a are divided in two different  categories: 
s ,R 
eastward and westward gravity waves and westward propagating Rossby 
waves, the so-called waves of the f i r s t  kind and waves of the second 
kind, respectively. 
Clearly the analogy between the shallow water equations on the 
equatorial 6-plane and on the sphere i s  perfect. Thus, the method of 
solution shown in section 2 . 4  for  the i n i t i a l  value problem can be 
easily extended to the sphere provided we notice the fol'lowing cor- 
I respondence 
One important difference between the l inear operator R. on the sphere 
J .  
and 0. on the eqvatorial 6-plane i s  the inclusion of Lamb's parameter 
J 
E on the sphere. On the equatorial 6-plane the non-dimensional form 
j 
of the shallow water equation does not depend on c explicitly,and 
j 
therefore the dimensional form of 5 i s  simply obtained by a matrix 
m~l t ip l i ca t~ ion  as in (2.70). On the sphere, however, we have t o  solve 
for  0 and O for  each vertical  mode j and then make a matrix 
s s,P, 
mu1 tip1 ication analogous to (2.70) to obtain the dimensional form 
since E appears in the l inear  different ial  operator a .  ( 2 . 9 8 ) .  
j J 
I t  should be remarked tha t  the fortuitous happening on the equatorial 
$-plane i s  a consequence of the boundary condition a t  in f in i ty ;  had 
we chosen a f i n i t e  P-plane the determination o f  the eigenfunction and 
eigensolutions would be ciepecdent on the particular vertical mode 
t h r o u g h  the horizontal scaling. 
Thus, \he computer program to  solve (2.74) can be easily organized 
in such a way to accept different  se t s  of eigenvalues and eigenfunctions 
with minor modifications. Provided the eigenvalues and eigenfunctions 
of the shallow water equations are given, the only part of the program 
that  depends on the particular version being used i s  the integration 
routine in khe meridional direction t o  compute the inner product. On 
the in f in i t e  equatorial B-plane the integral in y i s  from to  -I-- and 
- 2 
an appropriate weighting function ( e  ) in the Gauss-Hermite quadra- 
ture method can be used (Abramowi t z  and Stegun, 1970). Thus, the non- 
dimensional eigenfunctions C k  (y)  are computed a t  the Gaussian 
, n  
la t i tudes given by the zeroes of Hermite polynomials. Because of the 
Gaussian quadrature points are unevenly spaced, i t  i s  convenient t o  
recompute the eigenfunctions 5 (y)  a t  equally spaced la t i tudes k,n,r 
a f t e r  the expansion coefficients c are determined. On the sphere, 
k,n,r 
we use the regular Gaussian quadrature with the abcissas and weights 
given by AbLamowitz and Stegun (1970). In th is  case, the Gaussian 
la t i tudes are almost equally spaced and therefore there i s  no need to 
recompute the Hough functions a t  equally spaced la t i tudes for  display 
purposes. 
I 
3.0 FREE \!AVE SOLUTIONS OF THE SHALLOW WATER EQUATIONS 
i he objective of this chapter is to present the horizontal struc- 
ture and dispersive characteristics for the free wave solutions of the 
shallow water equations. This is important because the method of 
solution of the initial value problem is based on the method of eigen- 
function expansion, and the basis functions are the free waves of the 
shall ow water equations. Knowing the structure and dispersive char- 
acteristics of the basis functions he1 ps us in understanding the 
behavior of the solution in space and time. 
The eigenfrequencies are discussed in section 3.1 and the process 
of dispersion of energy is treated in section 3.2. Section 3.3 deals 
with the eigenfunctions and the energetics of the free modes. We also 
compare some of the results obtained on the equatorial &plane with 
the sphere for E = 10 and E = 500 . The E = 10 case closely corresponds 
to the external mode (also called the divergent barotropic mode) of 
an isothermal atmosphere and the ~ = 5 0 0  corresponds to the equivalent 
depth of the first internal mode of the two-level baroclinic model 
discussed in sectio,n 2.1. 
Lindzhn (1967) has discussed the validity of the equatorial 6- 
plane with emphasis on planetary scale waves. For E sufficiently 
large and n sufficiently small the equatorial B-plane provides us with 
a good appkoximation for the eigenfrequencies of free waves on the 
sphere. This statement is based on the behavior of the governing 
equation for the meridional velocity (2.32) as a function of y; if 
y < yT, where 
the coef f i c ien t  of v k  in (2.32) i s  posi t ive  and the solution i s  wave- 
1 ike. I f  y > yT the solution of (2.32) i s  exponentially damping in 
order t o  s a t i s f y  the boundary condit ion- In dimensional form (3.1 ) 
can be writ ten as 
, ' .  
since the length scale  [ L ]  (2.21) can be writ ten as 
- 
[L]  = a E , (3.3)  
where a i s  the radius of the earth and E i s  Lamb's parameter defined 
by (2.99). 
When the turning l a t i t ude  yT i s  such t h a t  yT c y p  (where yp i s  the 
l a t i t ude  of the pole) we expect (2.32) t o  be a reasonable approxirna- 
t ion.  Figure 3.1 shows yT as a function of E and i t  i s  c lea r  t ha t  fo r  
E =  10 (external mode) the equatorial 6-plane gives valid approximations 
only fo r  n < 2 .  - For an internal  mode of equivalent depth H=180 m y  we 
have E =  500 and the condition y T < y p  i s  s a t i s f i e d  u p  t o  n = 25. In 
t h i s  chapter we shall  a l so  discuss the r e l a t i v e  e r ro r  of the @-plane 
fo r  & = l o  and ~ = 5 0 0  in view of the condition y T < y p .  
I 
I '  
3.1 Eigenfrequencies - equatorial  B-plane and sphere 
Figure 3.2 taken from Matsuno (1 966) shows the eigenfrequencies 
of the f r e e  wave solutions of the shallow water equations on the  
equatorial 6-plane as a function of the wavenumber k .  The mixed 
Rossby gravity wave l inks  the low frequency Rossby regime t o  the 
higher frequency westward propagating gravi ty  waves. The di f ference 
u-% 
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between the modulus of the frequency of eastward and westward propa- 
gating gravity waves i s  shown in Figure 3.3. The frequency of the 
westward propagating wave i s  larger than that  of the eastward wave. 
The maximum difference occurs for  the low order meridional modes 
between the non-dimensional zonal wavenumbers 2 and 3. The maximum 
diiferenck i s  approximately 15% for  the n = 1 meridional mode and 
consequently the phase speed of the westward propagating gravity 
wave i s  a!bout  15% fas te r  than the companion eastward wave. The ef fec t  
of the rotation of the earth on gravity waves decreases as the wave- 
length delcreases and therefore the eastward and westward waves tend . 
-. . 
t o  the same frequency in absolute value. 
The effect  of spherical geometry on the frequency of f ree waves 
of the divergent barotropic model i s  shown in Figures 3.4 and  3.5 for  
e = l O  and ~ = 5 0 0 ,  respectively. The ordinate of Figures 3 .4  and 3.5 
i s  the percent error of the 8-plane eigenfrequency relat ive t o  the 
sphere eigenfrequency and the abcissa i s  the wavenumber s on the 
sphere ( s  = 0, 1 ,  2 ,  . . . ) . In order to  compare the eigenfreyuencies 
on the s ~ h e r e  t o  those obtained on the equatorial 6-plane, we have 
two problems: ( a )  the relationship between the non-dimensional wave- 
number k on which the B-plane eigenfrequencies are dependent (Figure 
3 .2)  and the wavenumbers allowed on the sphere, and ( b )  the equiva- 
lence between the meridional indices n ( o n  the equatorial &plane) 
and R (on the sphere) as defined in Chapter 2.  
The non-dimensional wavenumber k in the B-pl ane analysis i s  
related t o  the wavenumber s on the sphere by 
1 1  
I - ROSSE3Y WAVE MIXED RCSSBY GRAVITY WAVE --- WEST iPJE2TiO GRWITY VJAVE 
- -.- EAST INERT10 GRAVITY WAVE 
. . . . . . . . KELVIN WAVE I 
Figure 3 . 4  Percent error  of the equatorial 6-plane eigenfrequency 
re la t ive  to  the corresponding eigenfrequency on the 
sphere as a function of the zonal wavenumber s ( on 
the sphere ) for  a l l  t y p ~ s  of waves and various merid- 
ional modes n as labeled. The equatorial @-plane values 
were made dimensional assuming € = l o .  
1XE3 ROSSBY GRAVITY WAVE --- 
-.- EAST INERT10 GRAVITY WAV 
. . . . . . . KELV!N IIVAVE 
-\-. - 0 . - . - .  
Figure 3 . 5  Same as Figure 3.4 b u t  for ~ 5 0 0 .  

wave type n R 
K W n = - 1  R = O  
EGW n,O 2 2 1 ,  R=n+l 
MRGW n = O  R = O  
RW n ~ l  ,221, . t = n  
WGW n ~ l  220, ~ = n - 1  / , , 
Table 3.2. Correspondence between the B-plane index n 
and the sphere index R for  a Kelvin wave ., 
( K W )  , eastward gravi ty wave ( E G W )  , mi xed 
Rossby gravity wave (MRGV),  Rossby wzve ( R W )  
11 and westward gravi ty wEve (\~iS\d) .
~ a b l d  3.2 shows the n >  -1 Rossby modes on the @-plane are identi-  
fied with the rotational waves with the same merjdional index on the 
sphere. The Kelvin wave i s  identified with the lowest eastward propa- 
gating mod~e ( 2  = 0) of the f i r s t  class as defined by Longuet-Higgins 
( 1  968);  the eastward ;propagating gravity waves for  n - > o merge into 
the 2 =  n-1-1 eastward modes of the f i r s t  class.  The mixed Rossby 
gravity wa~ve ( n  = 0) corresponds t o  the R =  0 rotational mode of the 
second cla'ss and the westward gravity waves for  n - > 1 are identified 
with R = n-'1 westward modes of the f i r s t  class.  
Returning now t o  Figure 3.4 ( for  E = 10) we see t h a t  the eigen- 
frequencies of the n = 2  rotational waves are determined by the 6-plane 
to  within 20% only for s = l ,  2 .  The error  for  larger values of s 
remains approximately constant a t  30% u p  t o  s = 7 ,  decreasing for  s > 7. 
Although the turning la t i tude for  n = 2 and E =  10 i s  less  than the 
la t i tude o~f the pole in the equatorial 6-plane (Figure 3 .1 ) ,  the phase 
speed of the rotational mode i s  overestimated by as much as 30%. 
The mixed Rossby-gravity wave ( n  = 0) i s  well estimated since the errors 





u p  t o  n =  2 i s  estimated to  within 15% by the equatorial @-plane b u t  
the error i s  positive for  long waves and negative for  short waves, 
thus affecting the process of dispersion of energy as we shall see 
l a t e r .  The eastward gravity waves seem to be more sensit ive t o  the 
B-plane approximation t h a n  the i r  westward companions. The phase 
speed of Kelvin waves i s  underestimated by less  than 10% for  long 
waves, decreasing towards higher s .  
For the E = 500 case (Figure 3.5) we have extended the wayenumber 
domain on t h o  sphere i ip t o  s =  24 in order to cover approximately the 
same range in the non-dimensional wavenumber k domain as in the E = 10 
case (Table 3.1).  According to Figure 3.1, the turning la t i tude of 
r - I  , <  
the n = 8  mode i s  approximately 5600 km and therefore we 'expect the 
ny= 8 frequ,encie$ t o  be, &el 1 e s t i ~ a t e d , ~  I j ~ ~ e y e r ,  the frequency associ- 
). 
ated with rotational modes i s  not as well estimated as t h a t  of gravity 
modes; the B-plane frequency i s  underestimated for s = 1 (-10%) and  
overestimated for  1 arge s (over 25% for  s = 20). A t  s = 24 the re1 ative 
error curves are leveling off except for  the n = 8  Rossby mode. In 
section 3.2 we discuss the effect  of the larger error for  the rotation- 
al frequencies on the process of dispersion of energy. I . '  
The 6-plane estimate for  E: = 500 (Figure 3.5) has a tendency t o  
overestimate (underestimate) the magnitude of the phase speed of longer 
(shorter)  gravity waves b u t  the magnitude of the relat ive error i s  
smal l e r  than for  rotational waves. A1 t h o u g h  the errors for  E = 500 
are acceptable, we have t o  consider the dispersion of energy which i s  
related to  the slope of the frequency curves with respect to zonal 
wa~s~umber.  This i s  the objective of the next section. I ,  
' I 
~ 
3.1.1 Dispersion of energy 
The key concept for  understanding the process of dispersion of 
energy i s  the group velocity. In a dispersive system the speed of 
propagation of energy i s  different from the phase speed of waves; the 
energy i s  propagated with the group velocity (Lamb, 1952; R O S S ~ Y ,  1945; 
Longuet-Higgins, 1964). 
The east-west group velocity on the q u a t o r i a l  B-plane can be 
written as 
which, together with the dispersion relation (2.35) gives Figure 3.6 
for  Rossby waves, gravity waves, mixed Rossby gravity waves and non- 
dispersive Keivin wave as a function of zonal wavenumber k (abcissa) 
a n d  n as labelled. 
~ i g u r e  3.6 shows t h a t  as k increases the group velocity of gravity 
waves and  Rossby waves tends t o  1.0 and  0.0, respectively. For k < l ,  
the magnitude of the group velocity of Rossby and gravity waves i s  
comparable. Long Rossby waves disperse towards the west (c  < 0) and 
g 
short Rossby waves have a small b u t  positive group veioci ty (eastward 
dispersion). The westward propagating gravity wave a1 so shows th is  
peculiar behavior b u t  the spectral region of eastward group velocity 
i s  very small and near the origin (ul tra-long waves). The qua1 i t a t ive  
behavior of the n = 0 mode i s  simi 1 ar to  the n > 1 gravity waves b u t  the - 
whole pattern i s  shifted towards positive group velocity. Thus, the 
mixed Rossby gravity wave behaves 1 i  ke a gravity wave for  small k and 
as a Rossby wave for larger k from an  energy dispersion point of view. 
EASTWARD 
Figure 3 . 6  Group velocity c on the equatorial 3-plane 
as a function of ?he zonal wavenumber k (abcissa 1 
and meridional mode n ( as labeled ) for  various 
types of waves as indicated. 
I 
. , .  
So f a r  we have discussed the group velocity of the free wave 
solutions of ( 2 . 4 )  assuming an i n f in i t e  domain in the x-direction. 
L f t  us conkider now the concept of group velocity when the allowed 
zonal wavenumbers are quantized by the imposed zonal periodicity,  
following the work done by Hoskins e t  a l .  (1977). 
Let us consider two waves of the form e i ( k l  x+ul t )  a n d  i  ( k2x+u2t) 
called waves I and 11, respectively. If we s e t  the phase difference 
between waves I and  I I  equal to  2 .irj ( j  = 0, 51, 52 ,  . . . ) we can write 
the following equation relating x to t: 
The above equation defines the sol id l ines  in the ( x , t )  plane shown in 
Figure 3.7 .  A t  a point ( x l ,  t l )  on these l ines ,  waves I and I1  have 
the same phase except for  a 27  factor.  Without loss of generali ty,  - .- 
we nay assume t h a t  a t  t = 0 there i s  a c res t  of wave I a t  x = 0 so that  
2 n m  [m-0, * I ,  t 2 ,  ...) i n i t i a l l y .  crests  are located a t  xm = -k 
k -8 
Crests of wave I move in time with the phase speed cl = - - __ .- - '4 " ' defining 
4.- 
. . 
the family of s t raight  l ines 
These l ines define the position of crests  in the ( x , t )  plane as shown . . 
in Figure 3.7 (dashed l ines ) .  The interception between the s t ra ight  
l ines defined by (3.6) and (3.7) define points in the ( x , t )  plane 
where both waves reinforce each other i . e . ,  the phase difference 
between wave I and I1 i s  zero (except for  a factor 2n) and both waves 
I-. aJ w  
H - O S  . 
a c 
n cn- 0 
C 
rJ I t '  
w a r ' s  
l-ic s 
show a cres  1 a t  the interception point .  I f  we take j = 0 and m = l  we 
reproduce Hoskins e t  a1 . (1977) formulas f o r  the distances and times 
between trough reinforcements. The in tercept ion points f o r  a rb i t r a ry  
j and m have coordinates 
ul ( j - m )  + m  u2 
k1a2 - k2u1 
k,  (m-j) - m k p  
t1 , 2 ( j . m )  = Zn 
' ( 1 9  - ' ( 2 ~ 1  
I 
with j = 0 ,  21, 22,  ... and m = O ,  51, 2 2 ,  .... 
We can now in t e rp r e t  Figure 3.7 more ca re fu l ly .  The phase d i f -  
ference 1  ines a re  label led j = 0,  5 2 ,  . . . according t o  (3 .5 )  and the  
slope - W2-W1 i s  t h a t  of the ,$-plane mixed Rossby gravi ty  wave a t  
' ( 2 4 2  
k l  = 1  (wave I )  and k 2 = 3  (wave 11). The l i ne s  label led  m = i l , t 3 ,  ... 
are defined b y  (3.7)  and the slope cl i s  t h a t  of the mixed Rossby 
gravity wave f o r  wavenumber k l  = l .  The t r a i n  of reinforcement points 
appears to  move along the constant phase di f ference l i n e  ( so l id  l i n e )  
w i t h  speed c  given by 
4 
I 
In the 1  imid when k2 - k l  , we have the  standard def in i t ion  of group 
- au veloctiy c  - - 
g a k  
(3.1) .  However, when per iodic j ty  i s  implied i n  the 
zonal d i rect ion (3.10) i s  the appropriate de f in i t ion  of the  speed of 
propagation of the energy associated with waves I  and I1  (Hoskins 
e t  a1 ., 1977). 
Figure 3.7 shows t h a t  a t  t = 0 we have reinforcement points 
s i tua ted  a t  x = - 2 n j  ( j  = 0 ,  2 2 ,  2 4 ) .  I f  we follow t h i s  t r a i n  i r  
k l  - k~ 
time along constant phase difference l ines ,  reinforcement will occur 
a t  the time interval A t  given by 
152 
and the successive distance between the reinforcemen; points of the 
same t ra in  will be 
as indicated in Figure 3.7. 
The direction of propagation of the reinforcement t ra in depends 
on the slope of constant phase difference l ines defined by (3 .10) .  
For the two mixed RossSy gravity waves shown in Figure 3.7 the t ra in 
of reinforcenient points moves towards the east  a t  c = 0.16 ( in  dimen- 
9 
sional units c = 0.16 ) since the slope i s  positive. A negative 
9 
c imp1 ies westward propagation of energy. 
9 
The distance between reinforcement points (Ax in degrees of 
1 5 2  
l a t i t ude ) ,  time interval in which they occur (fit in days) and 
192 
implied group velocity ( c  degrees per day), based on the Hough 
1 5 2  
function frequencies for  ~ = 1 0 ,  are shown in Table 3.3 for  the mixed 
Rossby gravity wave ( R  = 0)  and for  the R =  1, 2 and 8 meridional modes 
af Rossby waves. The number in parentheses i s  the percent of the 
1 . -  . (  
+plane estimate re la t ive  t o  the sphere. 
The reinforcement t ra in  associated with low meridional number 
Rossby waves propagates towards tho west in the 1  ongwave p a r t  c f  the 
spectrum and towards the eas t  for  shorter waves. For higher meridional 
Table 3.3 Distance between reinforcement points  Ax 
(degrees of l a t i t u d e ) ,  time interval  in 1 ,2  
which they occur At1 2 (days) and implied 
group velocity (degr6es per day) f o r  the 
mixed Rossby-gravi t y  wave ( R  = 0)  and some 
Rossby waves ( R  = 1,  2 arid 8)  on the sphere 
fo r  E = 10. 
modes the spectral  interval  of westward energy propagation i s  much 
broader b u t  the group veloci ty  i s  smaller .  The energy associated 
with the shor ter  waves tends to  move as a whole pattern since the 
frequencies l i e  on almost s t r a i gh t  l i ne s  (Figure 3 .2 ) .  
If  the i n i t i a l  disturbance has most cf  the energy i n  the R = l ,  
1 5 s 5 3  Rossby modes the reinforcement points will occur about 90" 
westwards a f t e r  about 6 .5  days. Given an i n i t i a l  disturbance with 
maximum energy in the shor t  wave par t  of the  spectrum of the R = l  
mode, Table 3.3 shows t h a t  reinforcement occurs approximately 20' 
towards the ea s t  a f t e r  3.2 days. 
The time between reinforcements associated with higher order 
meridional modes i s  general ly  so large  f o r  long waves (see  the R = 8 
mode in Table 3.3)  t h a t  i t  i s  of l i t t l e  o r  no meteorologica! s i g n i f i -  
cance. For shor t  waves the t i n e  between reinforcements i s  of the 
order of 20 days fo r  the R = 8  rota t ional  mode and the implies group 
velocity i s  almost zero, r e f l ec t ing  the s ta t ionary nature of the 
disturbance. I 
The cha rac t e r i s t i c  posit ions and times of reinforcements ( A X  
152 
and A t l  respectively) and the  implied group veloci ty  f o r  energy 
i n i t i a l l y  in long waves (1 - < s - < 3 )  o r  in shor ter  waves (7  - < s - < 9 )  f o r  
R = G ,  1 ,  2 and 8 and f o r  E =  500 a r e  given in Table 3.4. The time 
between reinforcements ~t i s  very large  even f o r  the  low order 
192 
meridional modes except f o r  the  mixed Rossby gravi ty  wave. The 
implied group veloci ty  i s  towards the west f o r  n z  - 1 and towards the 
ea s t  f o r  the mixed Rossby gravi ty  wave. 
n n n 
- 0  m L n  N M  
( V d  L O N  I d  
u V V 
There a r e  two basic  d i f f e rences  between the  d i spe r s ive  charac ter -  
i s t i c s  of in t e rna l  and external  rotat 'onal  modes: ( a )  t h e  in terna l  
modes d isperse  the  energy towards the  west even f o r  s h o r t e r  zonal 
sca le s  ( s  - > 5 ) ;  and ( b )  although the  group ve loc i ty  of in t e rna l  'long 
zonal sca le s  ( s  - < 3)  i s  not much small e r  than the  external  group vel oc- 
i t y ,  the  time between reinforcements i s  much l a r g e r  thus implying t h a t  
the  two waves go around tho ea r th  many times before re inforc ing  each 
o ther  (approximately 6 times f o r  the  s = 1 . R = 1 ro ta t iona l  mode on 
the sphere) .  
The d ispers ion  of energy due t o  g rav i ty  waves on the  sphere i s  
summarized in Table 3.5 f o r  i n i t i a l  energy i n  the  regions 1 - < s <  - 3 and 
5 < s < 7  - - and f o r  & = l o  and E =  500. As i n  Tables 3 .3  and 3.4,  the  
parameters A t  , Axl , 2  and c a r e  shown in u n i t s  of days, degrees,  
1 ,2  152 
slid degrees per day, r e spec t ive ly .  The numbers in  parentheses a r e  
the  e r r o r s  of the  B-plane estimated r e l a t i v e  t o  the  sphere. 
The group ve loc i ty  f o r  g rav i ty  waves (Tabie 3.5) i s  on the  order  
of 14C0 day-' t o  220' daym1 in absolu te  value f o r  the  E =  10 modes 
compared t o  -13' day-' t o  7' day-' f o r  the  ro ta t iona l  modes given in  
Table 3.3. The upper l i m i t  of c f o r  g rav i ty  waves i s  reached f o r  the  
192 
reinforcement between shor t e r  waves, and more important,  A t  , Ax 1,2 1,2  
and c a r e  almost independent of sl and s 2 .  Therefore,  the pa t t e rn  
192 
moves a s  a whole a t  about 220' daym1 o r  283 ms-' with very l i t t l e  
d i spe r s ion ,  a t  approximately the 2hase speed of pure g rav i ty  waves 
- 1 (c.290 ms o r  226' day-') on a f l u i d  of depth H=8400 m ( ~ 2 1 0 ) .  
Higher meridional modes f o r  & = I 0  a r e  almost non-dispersive including 
the  long waves a s  shown in  Table 3.5 f o r  n =  8 (both eastward and 
n n 
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westward modes). Reinforcement for  gravity waves typical ly occurs in 
less than a day except for  the lowest meridional mode and towards the 
west (eas t )  for  westward (eastward) propagating modes. If the in i t i a l  
condition contains high energy in these modes the dispersion due to  
rotational modes may be obscured by the f a s t  dispersive character of 
gravity waves since they go around the globe in a time-scale shorter 
than the typical reinforcenent time of Rossby waves. 
A d ifferent  picture emerges when considering the dispersion 
associated w i t h  the internal modes shown in Table 3.5 (E = 500). The 
group velocities of the westward gravitational modes and of the in- 
ternal rotational waves shown in Ta-ble 3.4 are comparable a t  leas t  in 
the long wave part of the spectrum. However, the time and distance 
between r,e.inforcements are much shorter ( A t  i n  the order of a few 192 
days compared to  12 to 2720 days for  the rotational modes in Table 
3 .4 ) .  Although the upper l imit  on the absolute value of the group 
v e l o c i t y f o r ~ = 5 0 0 i s 3 2 ~ d a ~ ~ ~ , T a b l e 3 . 5 s h o w s  t e c  i s w e l l  
. -. 
152 
-below th is  l imit  for  the spectral regions under consideration. How- 
ever, lc / tends toward the upper l imit as s ,  and s2  increase. 
1 9 2  
Another point that  should be raised concerns the east-west 
asymetry produced by the different  dispersive character is t ics  of 
westward and eastward gravity modes in agreement with Figure 3.3. 
Except for  large L , A t ,  ,2 , ax anc c may d i f f e r  s ignif icant ly,  192 132 
and for i n i t i a l  energy in small G the asynmetry of the gravity wave 
front can be quite marked as shown in Chapter 4. 
The distortion of the process of energy dispersion by the equa- 
tor ial  5-plane approximation i s  shown in percent error  relat ive to  the 
sphere i n  Tables 3.3, 3.4 and 3.5 (number in parenthesis). For the 
external modes the errors are consistently small ( less  than 15%) only 
for the mixed Rossby gravity wave. I f  the i n i t i a l  energy i s  i n  certain 
zonal wavenumbers of the R = 1 and 2 Rossby modes, the 6-plane e s t i -  
mates of A t  or Ax may be w i t h i n  20% of the correct resu l t  on the 
192 132 
sphere a s  seen i n  Table 3.3. However, the error  distribution as a 
function of wavenumber i s  such that  we cannot have both A t .  and Ax 
1 3 2  1 9 2  
within 20% in the same spectral region. 
Errors i n  estimating Ax fo r  Rossby modes are l ikely to be very 
1,2 
large i f  ihe zonal wavenumbers s l  and s2 are on each side of the hump 
of the frequency curve. The group velocity becomes negligible and 
the reinforcement points remain almost stationary, occurring a t  the 
time interval given by A t l y 2 .  The spectral region for  which the 
group velocity changes sign i s  a function of R as shown in Figure 3.2. 
Thus, i f  the i n i t i a l  energy i s  in high order meridional modes the 
stationary disturbance will only appear i f  the maximum energy is i n  
higher zonal wavenumbers. 
An iriteresting aspect of the dispersion of energy for E = 500 i s  
related t d  re lat ively large errors fo r  A t l  y 2  and Axl , 2  in view of the 
small errolr for individual frequencies (Figure 3 .5 ) .  The B-pl ane 
frequencie~s are within 10% or less  of the solutions on the sphere for 
1 - < s - < 9 and R - < 8 b u t  A t  and Ax can be overestimated by more than 
1 , 2  1 9 2  
80%. Even for  the R =  2 Rossby mode, the relat ive errors of Ax and 
132 
A t 1  , 2  are larger than for  individual frequencies. This i s  a conse- 
quence of the slope of the re la t ive  error curve for  Rossby modes dis- 
cussed i n  section 3.1. 
The 6-pl ane yields better resul ts  for  the dispersion by gravity 
modes t h a n  by rotational modes. Figures 3.3 and 3.4 show that  the 
error i s  estimating individual frequencies of eastward gravity modes 
i s  larger than for  the westward gravity modes. As a consequence the 
6-plane timilng and positioning of eastward bound reinforcement points 
i s  n o t  as well estimated as the westward bound reinforcement points. 
- 
I he non-divergent barotropic model studied by Hoskins e t  a1. (1977)  
performs very well with respect to the energy dispersion between short 
waves ( s  - > 7) .  However, for  long waves and specifically for  s < 3 the - 
dispersion i s  drast ical ly  affected by the non-divergence assumption. 
In the non-divergent model the group velocity between ul tralong waves 
of the G =  1 mode i s  positive (Table 1 of Hoskins e t  a l . ,  1977) whereas 
in the divergent model, the reinforcement t ra in  moves towards the east  
,Z  = -13' day-' for  = 1 ,  1 < m < 3 ) .  For waves such that  3 < s < 7 the - - 
group velocity towards the east  implied by the divergent model i s  
about 30% slower than the non-divergent model prediction. 
The excessive westward wave speed of rotational ultralong waves 
i s  discussed by Phill ips (1963). For ultralong waves the magnitude 
of . horizontal . divergence i s  not negligible compared to  the vertical  
component of the vortici  ty (Burger, 1958) and therefore any model bui 1 t 
u p o n  the assumption of small or zero divergence i s  not appropriate to  
, describe the character is t ics  of such ultralong waves. 
3.2 Eigensolutions - equatorial $-plane and sphere 
The eigensolutions of the linearized shallow water equations on 
the equatorial B-plane have been previously discussed by 14atsuno (1966). 
For the sake of completeness we discuss som? of the character is t ics  
of the eigensolutions that  are relevant for the interpretation of the 
resul ts  presented in Chapters 4 through 6.  We shall f i r s t  discuss the 
normal ized zonal kinetic energy K u ,  the normalized meridional kinetic 
energy Ky and the normalized available potential energy P as functions 
of non-dimensional wavenumber k and meridional mode n .  Secondly, the 
horizontal structure of the eigensolutions will be reviewed. A1 though 
1966) compared the eigensolutions fo r  different  values of n 
zonal wavenumber k ,  he did not compare waves of the same 
meridional number n b u t  d i fferent  zonal wavenumbers. In th is  section, 
we shall discuss th is  case since i t  i s  important for  the interpretation 
of the resul ts  presented l a t e r .  We also compare the energetics and 
structure of the free wave solutions on the equatorial $-plane with 
the resul ts  obtained on the sphere. 
I 
3 . 2 . ' ~  The energetics of the eigensolutions 
The normal ized zonal kinetic energy Ku , the normal ized meridional 
kinetic energy Kv and the normalized available potential energy P are 
defined by 
The normal ization condition (2.59) imp1 ies  that  
Subst i tu t ing the  def in i t ion  f o r  4 (y )  given by (2.59) in to  (3 .15) ,  
k , n , r  
we obtain 
P = 
f o r  n >  -1. The th i rd  term in the integrand vanishes because of the 
orthogonal i t y  of Hermi te polynonial s ( A .  1 ) .  The terms involving the 
square of Hermi t e  polynomials are  eas i ly  evaluated using ( A . 2 ) .  The 
~1 \ . . r , t  
f i na l  r e s u l t  i s  
I > I ,  , * -, I 
f o r  n > l .  - A c lose  look a t  the  expression f o r  u (y )  in ( 2 . 5 9 )  k,n,r 
reveals tha t  
because the  only difference between Ku and P i s  the sign of the t h i rd  
term in the integrand of (3.17) which vanishes as discussed above. 
I 
Using (3.16)  and (3.19) we f i n a l l y  have 
Kv = h-2P , n > l  - . I (3.20) 
The available potential  energy of the n = O  mode can be obtained 
in a s imi lar  way and the r e s u l t  i s  i 
6 
The eigenkolution corresponding t o  the Kelvin wave ( n  = -1 ) i s  i ndepen- 
dent of the wavenumber k according to  (2.55)  and therefore 
K = p =  t ,  K v = O  for  n = - 1 .  (3.22) 
U 
From section 2.3.3,  we know that for  the geostrophic modes o -+ O 
as k + O ,  and therefore by taking the l imit  of (3.18) as k + O  we obta,in 
Ku = P = 4 for  geostrophic modes . 
Figure 3.8 shows the magnitude of Ku or P ( a )  and K v  ( b )  f o r  the 
eastward gravity waves (dashed 1 ine) and westward gravity modes (sol i d  
l ine)  as a function of the non-dimensional wavelength k (abcissa) and 
n as labelled. The magnitude of Ku (or P )  increases with increasing 
k and decreasing n for  the gravity waves and accordingly, the gayni- 
tude of Kv decreases as k increases and n decreases. The Kelvin wave 
(dash-dotted 1 ine in Figure 3.8) has no meridional kinetic energy 
since v - 0  on the equatorial 6-plane. Only minor differences are  
found between the eastward and the westward gravity modes; Ku of the 
eastward mode i s  larger than Ku of the westward mode,the difference 
being larger for small k and n .  As k increases the kinetic energy 
of the n ' th  eastward mode merges into the (n + 1 )  ' t b  westward node. 
For k = 0 both nodes have exactly the same Ku (or P). As for  Ky , the 
same behavior i s  found i . e . ,  the merging of the n ' th  eastward gravity 
mode into the ( n  + 1 ) ' t h  westward gravity modes as k increases. A t  
k = 0, a1 1 gravity modes share the same meridional kinetic energy 
Figure 3.9 i s  the same as ~ i ~ i r e  3.8 b u t  for  Rossby waves. The 
mixed Rossby gravity wave has been included on th i s  diagram a1 though 
i t  should have been displayed as a westward gravity wave for k < z - ~  
i . '  
5 m a J  
E W L  
L > a, 
0 5 s  
2 3 3 

as  discussed in  sec t ion  2.3.1.  As a f i r s t  approximation Figure 3.9 
shows tha,t Ku i s  l a rge r  than Kv provided ken, i . e .  zonal motion 
predominates over meridional motion f o r  l a rge  n and small k .  For 
u l t ra long waves (k < 1 ) however, most of the  k i n e t i c  energy i s  in  the  
zonal d i r e c t i o n .  A t  k = 0 ( t h e  geostrophic modes) Kv vanishes s ince  
v E 0 according t o  (2 .66 ) .  The energet ics  of the  mixed Rossby g rav i ty  
wave tends towards the typical  behavior of Rossby modes f o r  l a rge  k 
and t o  gravi ty  modes as  k decreases t o  zero.  I 
The r a t i o  of t o t a l  k i n e t i c  energy ( K  = Ku + Kv) t o  the  t o t a l  energy 
( E  = K +  P )  i s  shown i n  Figure 3.10.a f o r  t h e  eastward g rav i ty  waves 
(dashed l ines)  and f o r  the  westward g rav i ty  waves ( s o l i d  l i n e s )  and in 
Figure 3.10.b f o r  the  Rossby waves a s  a funct ion of zon 1.yavenurnber 
- 9 - 
k ( abc i s sa )  and n ( a s  l a b e l l e d ) .  The r a t i o  tends t o  0 .5  f o r  g rav i ty  
waves and t o  1 f o r  Rossby waves a s  k increases .  For k =  0, the  r a t i o  
i s  0.75 and 0.5 f o r  gravi ty  waves and Rossby waves r e spec t ive ly .  The 
mixed Rossby g rav i ty  wave i s  again seen t o  behave a s  a Rossby wave f o r  
l a rge  k and as  a gravi ty  wave f o r  small k . 
The energy of Rossby waves i s  t h u s  seen t o  be almost equal ly 
pa r t i t i oned  between k ine t i c  and ava i l ab le  potent ia l  energy f o r  u l t r a -  
long waves while most of the  energy i s  in  k i n e t i c  form in  shor t  waves. 
The p a r t i t i o n  of t o t a l  energy in k i n e t i c  and ava i l ab le  po ten t i a l  forms 
of energy in g rav i ty  waves i s  not a s  s e n s i t i v e  t o  k a s  Rossby waves 
a r e  s ince  
0 . 5 ~  K / ( K + P )  < 1  f o r  Rossby waves - -. 
and 
0 . 5 < K /  - ( K + P ) < 0 . 7 5  - f o r  g rav i ty  waves . 

Another important conclusion tha t  can be drawn from Figure 3.10 i s  that  
more information i s  contained in the wind f i e ld  than in the geopoten- 
t i a l  f i e ld  for  short Rossby waves since the ra t io  K / E  tends to 1 as 
k - i n ~ r e a s ~ e s .  In gravitational modes both wind and pressure f ie lds  
, 
are important since the ra t io  K / E  tends t i  0.5 as k increases. 
The asymptotic behavior of Ku (o r  P ) ,  K, and K / E  of the 8-plane 
free waves as k tends to zero (not shown) a q e e  with the E.+W case on 
the sphere. The resul ts  on the sphere as a function of E are shown 
in,Figures 14 ( s  = 0) and 15 ( s  = 1 ,  2 )  of Longuet-Higgins (1968). 
Let us compare now the E =  500 equatorial (3-plane estimate of par t i t ion 
of energy with the sphere resul t s  discussed by Longuet-Higgins (1 968). 
For the zonally symmetric case, the 6-plane estimate of K / E  fo r  gravity 
waves d i f fe rs  from the sphere by less  than 22 u p  to  ~ = ' 5 .  The geo- 
strophic modes are not discussed by Longuet-Higgins. For s = 1  and 2 
( k  = 0.21 and 0.42 according t o  Table 3.1) the 6-plane f a i l s  to  re- 
produce some of the features on the sphere. The difference appears 
in the trendlof the r a t io  K/E as a function of the meridional index. 
The r a t io  decreases as a function of the meridional index on the 
sphere for  class two waves and on the 8-plane the reverse i s  true 
(figure 3.8.aj .  The magnitude of the re la t ive  error  i s  however, less  
than 3% for  the modes shown in Figure 3.8.a and therefore comparable 
to the @-plan? errors already discussed in sections 3.1 and 3.2. For 
rotational waves the r a t io  K / E  i s  l e s s  than 0.5 fo r  s = 1 and 2 orl the 
sphere while on the 8-plane i t  i s  larger  than 0.5 (Figure 3.8.b), b u t  
the re la t ive  error  i s  l ess  than 5% fo r  the modes shown in Figure 3.10. 
The B-plane seems t o  perform s l i g h t l y  be t t e r  f o r  gravity waves 
( E =  500) as  f a r  as the r a t i o  of k ine t i c  energy t o  t o t a l  energy i s  
concerned. The energetics of Kelvin waves and mixed Rossby gravi ty  
waves a re  a l so  well reproduced by the @-plane. 
The r a t i o  of k inet ic  energy t o  t o t a l  energy K / E  f o r  the external 
mode as a function of s (ordinate)  and meridional index R (as  l abe l l ed)  
f o r  gravi ty  waves and rota t ional  waves are  shown in Figure' 3.11 (taken 
f r 3 ~  Kasahara, 1976). Although the general trend as  a function of s 
i s  the same as in the equatorial  6-plane case (Figure 3.10) the  trend 
as a function of R i s  opposite ( r e f e r  t o  Table 3.2 f o r  the re la t ion-  
ship between R and n ) .  The conclusions drawn from the 8-plane case 
concerning the r e l a t i v e  importance of the  geopotential and wind f i e l d s  
a re  s t i l l  val id provided t h a t  the dependence on R (o r  n) i s  reversed. 
3.2.2 The two-dimensional s t ruc tu re  
The horizontal s t ruc tu re  of the  normal modes of the  shallow water 
equations on the equatorial  @-plane can be conveniently displayed 
independently of Lamb's parameter E . Figures 3.1 2 - 3.17 show the  two 
dimensional d i s t r ibu t ion  of t h e  wind and geopotential f i e l d s  f o r  k = 0.5 
( a )  and k = 6.5 ( b )  . In a1 1 f i gu re s  one wave 1 ength i s  shown in  the 
x-direction and the ordinate i s  the not)-dimensional y . Figure 2 . 3  
allows us to  readi ly  estimate! horizcntal distance in Figures 3 .12-  3.18 
i n  dimensional uni ts  provided E: i s  given, e .g . ,  f o r  & = I 0  one non- 
dimensional length un i t  i s  ay~proximately 3600 km.  The re la t ionsh ip  
between the non-dimensional i~avenumber k and the  wavenumber s on the 
sphere i s  given by (3 .4 ) .  T'hus, k = 0 . 5  corresponds t o  s % l  and k = 6 . 5  
t o  s 2 1 2  fo r  E = 16. For r = :500 the nearest  in teger  wavenumbers on the 
sphere are  s = 3 and s = 32 f o r  k =  0.5 and k =  6.5 respectively.  
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t , Figure 3.11 Ratio of k i n e t i c  energy K ( K = K U + K v  ) t o  the t o t a l  
energy E ( E=K+P ) f o r  g rav i ty  waves and ro t a t iona l  
waves a s  a funct ion of t h e  zonal wavenumber s and 
meridional index R,as labeled on each l i n e .  
( a f t e r  Kasahara ,1976 ) 
Rossby modes are shown in Figure 3.12 for  n = 1 and in Figure 3.13 
for n = 6. The balance of the pressure and wind f ie lds  i s  such that  v 
I 
i s  approx~rnately in geostrophic balance with @ for  long waves and u 
au  av with @ for  short waves. Consequently, - ( - )  i s  large (small ) for  a t  a t  
long (short)  waves. The relationship between the kinetic energy and 
available potential energy discussed in the previous section i s  
evident when compa.ring Figures 3.12.a and 3.12. b,namely, the small 
geopotential deviations for  larger k ( the geopotential f ie ld  i s  scaled 
by 1000 in Figure 3.12.b) implying t h a t  most of the energy i s  in kinetic 
form (mostly in rneridional motion) as shown by Figures 3.9 and  3.10.b . 
Figures 3.12 and 3.13 indicate the following about the la t i tudinal  
distribution of P and K: f o r  large n (Figure 3.13) pressure gradients 
are small in the equatorial regions contrary t o  the low n case (Figure 
3.12). O n  the other hand, the wind intensi ty  i s  high in the equatorial 
region i n  both cases. I t  can be argued t h a t  the tendency for  geo- 
strophy in equatorial areas makes u ( o r  v )  large since the Coriol i s  
parameter i s  small. The maximum amplitude of the geopotential f ie ld  
sh i f t s  northwards as n inclreases as shown in Figures 3.12 and 3.13. 
The la t i tudes of wind maxima are ,  however, related to  the meridional 
number n and do n o t  have a, def in i te  la t i tudinal  preferencz. 
Figures 3.14 and 3.15 display the n = 1 and n = 6 westward gravity 
waves respectively. The n = 1 i s  a pecu 1 i a r  wave since for  larger k 
i t  looks l~ ike  a Kelvin wave (Figure 3.17') moviny towards the west 
(notice the convergence a t  x = 0 which t e  nds t o  build the high pressure). 
However, the pressure and wind f i e lds  art? IT o u t  of phase with respect 
to  the Kelvin wave. The smallness of t h e  rneridional wind component 
could have been anticipated by the spectr+al distribution of kinetic 
I 
1~ 
ic ;a 'a u - 
n 
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energy shown in Figure 3.8. As k incrk?isks the frequency w 
kY1Y1 
tends 
towards k (Figure 3.2)  and therefore (2.59) shows tha t  the eigenfunc- 
t ion  ( y )  i s  approximately given by I , 
k , l , l  1. 
which only d i f f e r s  from the Kelvin wave eigenfunction < k , - 1 , 2  ( Y  1 
(2 .55)  by the k f ac to r .  Also of some i n t e r e s t  i s   he behavior - the 
number of zeros of u and :j as a function 1 t  
kyn , l  k,n.l  ie as 
increases;  the term dependent on Hn,l ( y )  i n  (2.59) looses i t s  impor- 
tance since i t  i s  multiplied by ( w  
k,1 51 
k ) .  This e f f ec t  i s  c lea r ly  
shown i n  Figures 3.14 a n d  3.15. 
The zonali ty of the wind f i e l d  f o r  short  gravity waves i s  a720 
pronounced fo r  the n = O  mode b u t  not as mlrch as f o r  n = l ,  as predicted 
. . *  
by the kinet ic  energy par t i t ion  (Figure 3 . 3 ) .  No tendency for  5%- 
strophy i s  observed fo r  gravity waves; the wind blows 
pressure and when the a i r  i s  flowing para l le l  t o  the geoDo 
i so l ines  i t  usually does so in the wrong d i rec t ion .  Thus, local 
accelerat ions of u and v a re  high in order t o  s a t i s f y  the momentum 
equations. As a r e su l t  of the ageostrophy, the divergence f i e l d  i s  
large and the di rect ion of propagation i s  e a s i l y  ver i f ied  by inspecting 
.j ' 
the local tendency of 3 . 
The mixed Rossby gravi ty  wave f o r  k = 0 . 5  and k = 6 . 5  i s  shown in 
Figures 3.16.a and 3.15. b respectively.  Two we1 .b 1 defined, vor t ices  are 
centered a t  the Equator and i n  Figure 3.16.b we notice the  predominance 
of meridional motion. The magnitude of the perturbation pressure f i e l d  
i s  a l so  very small f o r  the s,horter wave ( t he  geopotential f i e l d  in 
I 
Figure 3.16.b i s  scaled by 10,000). 

The vortex centered a t  the Equator f o r  the mixed Rossby gravity 
wave i s  a charac te r i s t i c  of modes of even order because v i s  symmetric 
,-C 
about the Equator and u and @ are  antisymmetric as discuised in 
section 2.3.2. Contrary t o  pure gravi ty  waves, the mixed Rossby 
gravity wave shows a marked tendency f o r  geostrophy a t  higher l a t i -  
tudles. For shor ter  waves, the v-component i s  very l a rge ,  another 
charac te r i s t i c  of Rossby waves. 
The perturbation geopotential and zonal wind of the 6-plane 
Kelvin wave are  independent of the zonal wavenumber k as  shown by 
(2 .55) .  The balance between the zonal veloci ty  and the meridional 
geopotential gradient  i s  c lea r ly  observed in Figure 3.17 which shows 
the B-plane Kelvin wave f o r  an a rb i t r a ry  zonal wavenumber. 
Let us consider now the vo r t i c i t y  and divergence f i e l d s  associated 
w i t h  the f ree  wave solutions of the divergent barotropic model. We 
have already mentioned the e f f ec t  of convergence in gravity waves in 
generating a strong geopotential r i s e  thus building a high pressure 
area.  This e f f ec t  can perhaps be most e z s i l y  ident i f ied  in Figure 
3.14 fo r  the n = l  westward propagating gravi ty  wave f o r  k = 0 . 5 .  
Figure 3.18.a and 3.18.b shows the divergence and vo r t i c i t y  f i e l d s  
f o r  t h i s  pa r t i cu la r  wave. The maximum convergence i s  centered a t  the 
Equator where there  i s  no vo r t i c i t y .  The vo r t i c i t y  comes primarily 
a v  . from the zonal gradient cf the meridional wind component ( %) .  
The divergence and vor t i c i  t y  f i e l d s  of a Rossby wave ( k  = 0.5 and 
n = l )  a re  shown in Figure 3.19.a and 3.19.b respectively.  The cyclonic 
and anticyclonic vor t ices  centered a t  y = 0 . 8  in Figure 3.12 a re  c lea r ly  
shown in the vo r t i c i t y  f i e l d  (Figure 3.19.b). The regions of maximum 
and minimum Convergence a r e  located a t  y = 1.2 b u t  out of phase. 
L 
Figure 3.17 Non-dimensional geopotential and wind fields of an 
equatorial 6-plane Kelvin wave. The geopotential and 
wind fields are normalized such that the total energy 
is 0.5 ( according to (3.16) ) .  The abcissa is kx and 
the ordinate i s  the non-dimensional latitude y. 
( a )  divergence vortici  ty 
Figure 3.18 Non-dimensional divergence ( a )  and relat ive vort ic i  t y  ( b )  f i e lds  associated with the n=l 
westward gravity wave shown in Figure 3.14.a ( k=0.5 ) .  The abcissa i s  kx and  the 
ordinate i s  the non-dimensional la t i tude y .  

However, the s t r ik ing  difference between the Rossby wave shown in 
Figure 3.19 and the gravity wave in Figure 3.15 i s  the r a t i o  between 
the vo r t i c i t y  and divergence maxima; f o r  the Rossby wave the r a t i o  i s  
approximately 12 and f o r  the gravity wave i t  i s  approximately 0.5. 
Thus, f o r  the long Scssby wave sho\.vn in Figure 3.19 the vo r t i c i t y  i s  
about one order of magnitude l a rger  than the divergence,and f o r  the 
n = l  westward gravity wave the vo r t i c i t y  and divergence a re  about 
the same order. A t  k = 6.5 and n = 1 the r a t i o  o f .  vp r t i c i  ty  to  diver- 
), 
gence i s  approximately 300 and 0.1 fo r  the  Rossby wave and westward 
gravi ty  wave respectively.  Thus, a s  k increases ,  the divergence 
becomes negligible compared t o  vo r t i c i t y  i n  Rossby waves and diver-  
I 
\ gence becomes dominant in gravity waves. I 
Figure 3.20 shows the r a t i o  of the maximum vo r t i c i t y  t o  the maxi- 
m u m  divergence (max / <  //max 161) as a function of the zonal wa~enunber 
k on the equatorial 3-plane. For Rossby waves the r a t i o  maxlc//max\b/ 
i s  minimum a t  k % 9 . 8 5 ,  increasing rapidly f o r  k30.85.  This same r a t i o  
f o r  gravity waves i s  f a i r l y  -tVfl"stant tve r  the range of k shown in 
Figure 3.20 (0.1 < k < 7 )  being of the order of 0.5 b u t  decreasing as  - - 
k increases.  The peculiar behavior of the eastward gravi ty  wave i n  
the neighborhood of k = 1 . 5  does not seen t o  have a simple explanation. 
Long Kelvin waves have more vor t i c i  ty  than divergence b u t  f o r  k > 0 .6  
the reverse i s  t rue .  Vort ic i ty  and divergenee i n  mixed Rossby gravity 
waves a r e  comparable only f o r  small k ;  as  k increases i t  behaves l i ke  
a Rossby wave and the  vor t i ' c i ty  f a r  exceeds the divergence fo r  k > 2. 
The horizontal s t ruc tu re  of Hough functions on t he  sphere fo r  
E =  500 a re  qua l i t a t ive ly  and quan t i t a t ive ly  s imi lar  t o  the equatorial . . <.< 
i 
' ' Y .  
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Figure 3.20 Ratio of maximum vorticity to maximum divergence as a 
function of the non-dimensional wavenumber k on the 
I' equatorial 6-plane for all types of waves and for J ' various meridional modes n as labeled. 
6-plane f r ee  waves discussed so f a r  and need not be rl h 
equatorial 6-plane estimate of Hough functions with E = 10 are  qua1 i t a -  
t i ve ly  good in the neighborhood of the equator even f o r  higher order 
meridional modes. Figure 3.21 shows the R = 6 Rossby wave ( a )  and the 
R = 5 westward gravity wave on the sphere (E  = 10) f o r  s = 1 .  According 
t o  Table 3.2,  which gives the correspondence between the meridional 
numbers on the equatorial $-plane and on the sphere, Figure 3.21.a 
can be compared t o  Figure 3.13.a and Figure 3.21.b t o  Figure 3 .15.a .  
The qua l i t a t i ve  agreement i s  f a i r l y  good with respect  t o  l a t i t ud ina l  
r- dis t r ibu t ion  of highs and lows and wind maxima and minima. 
3.3 Discussion 
When solving an i n i t i a l  value problem by the normal mode technique 
i t  i s  extremely helpful t o  know the  charac te r i s t i c s  of the bas jk  func- 
2 .  
t ions  since the i n i t i a l  condition and/or forcing term a r e  projected 
onto such functions. Obviously, an i n i t i a l  condition near the geo- 
strophic balance can be mostly described by Rossby modes. On the 
other hand, an i n i t i a l  condition i n  the geopotential f i e l d  alone (e.g. 
a geopotenti a1 bump near the Equator) cannot be accurately descsi bed 
by Rossby modes since the  geopotential gradients near the Equator are  
. , , required t o  be small by geostrophy (see  Figures 3.12 and 3.13). 
' *  
Thus, some charac te r i s t i c s  of the  solution can be inferred a 
p r i o r i  j u s t  by the knowledge of the horizontal s t ruc tu re  of the basis  
functions.  On the other hand, knowledge of the  frequency and disper-  
s ive  cha r ac t e r i s t i c s  of the  f r e e  waves a l so  help us in  understanding 
the time behavior of the solution.  If  the i n i t i a l  condition i s  pro- 
jected mostly onto gravi ty  modes we expect the i n i t i a l  config,uration 

to be rapidly dispersed, especially if it contains more energy in the 
*.. short wave part of the spectrum as shown in Figure 3.6 and Table 3.5 . 
.,: Along this same line, the Rossby wave contribution to the initial con- . '2 
T !  
dition can yield dispersion of energy to the east and west: the west- 
ward dispersion is mainly of long waves and the eastward dispersion 
, is characterized by short waves (Figure 3.6 and Table 3 . 3 ) .  Depending 
'on the spectral distribution of energy in the zonal direction we may 
observe different time behaviors. !,I ! ,  l l  
The concept of wave reinforcement introduced by Hoskins et al. 
. (1977) and discussed in section 3.1 .l, a1 though based on a frequency 
8 .  
..; argument, also depends on the meridional structure of the wave. Sup- 
4 
8 ' posewe are considering two waves: wave I (short) and wave I 1  (long). 
3 
. , 
- . Reinforcement occurs when the two ridges (or troughs) come together, 
C r -, 
but if the two waves have maxima, minima and zeroes at different 
i 1 . .  
platitudes it is not meaningful to consider reinfork@hents. However, 
for a wide range of meridional modes we have observed that the merid- 
ional structure of the free waves is not highly dependent on ihe 
- zonal wavenumber (Figures 3.12 to 3.16 are an example) .- I , 
In this chapter we have also compared the equatorial 6-plane 
ieigenfrequencies and disb5Fsive characteristics (distance and time 
between reinforcement of waves) with the results on the sphere. As 
expected, for small equivalent depth (large E)  the agreement is fairly 
good as discussed in section 3.1 . In Chapters 4, 5 and 6 we present 
solutions of the initial value problem ,on the equatorial @-plane and 
4 - . - A  - .  I 
on tlfe sphere and we observe that 'the >'-plane estimate for E = 10 is 
qualitatively good provided the initial conditon and/or forcing is 
located near the Equator and is of small dimension compared to the 
equatorial Rossby radius of deformation. Another constraint i s  re- 
I '  
lated to  the period of time over which we observe the solution: the 
character is t ic  time scale of wave reinforcement for  Rossby modes i s  
of the order of a few days as shown i n  Table 3 . 3  and therefore the 
evolution of the in i t i a l  condition over a period of a few hours i s  
expected t o  be qualitatively similar on the sphere and on the equa- 
l *  1 8 1 
1.. . e 
The problem of adjustment of the mass and wind f ie lds  when an 
in i t i a l  perturbation i s  given solely in the geopotential f ie ld  i s  
treated in th is  chapter, According to  section 2 .1  such an i n i t i a l  
. L ~ ~ ~ A J .  .l r hbu, ,.i . 
condition can be interpreted as an instantaneous mass source or sink, 
and  the resul ts  can be interpreted as internal modes, or as wind shear 
and thickness in a two level barocl in ic  model. 
In section 4.1 ,  we discuss the general form o f  the in i t i a l  condition 
on the equatorial @-plane. The parti t ion of energy between Rossby 
modes and gravity modes for  a symmetrical $-perturbation as a function 
of s ize and la t i tude i s  shown i n  section 4.2. In section 4.2, we also 
discuss the effect  o f  the parti t ion of energy on the future behavior of 
the solution. In section 4.4, we discuss the solution on the sphere 
for  the external mode ( ~ = 1 0 ) .  A summary of the resul ts  can be found 
in section 4.5.  
4.1 In i t ia l  Condition I 
Let us consider now the i n i t i a l  value problem on the equatorial 
6-plane with the in i t i a l  condition given by I 
The above expression depends on the two parameters re and yo: the 
f i r s t  i s  the P-folding half width of the bell shaped in i t i a l  condition 
and the second i s  the la t i tude of i t s  center. 
The in i t i a l  condition (4.1) can e i ther  be interpreted as a 
geopotenjial perturbation in the homogeneous f luid due t o  accumulation 
of mass dr interpreted as a temperature perturbation in the s t r a t i f i e d  
f luid as 
shaped tdickness perturbation with maximum unit value a t  x = 0 and 
discussed in Chapter 2.  In particular,  for the two-level 
barocl in ic  
- 
- Yo . raking ~p = 500 mb and a lapse ra te  of 2.2" C km-' we easily 
b~mpute be approximately 41 ms-I and therefore E I 500. The 
model, the i n i t i a l  condition (4.1 ) corresponds to  a be1 l -  
above lapse ra te  i s  typical of the conditionally unstable tropical 
I 
atmospheqe. Accordingly, for  a unit non-dimensional thickness pertur- 
bation we have 
I 
where AT i s  the temperature difference in the 500 mb layer between 
4 -  Y '  , * * .  
levels 1 'nd 3 in Figure 2 .1 .  P The f i r s t  step to  solve the i n i t i a l  value problem governed by 
1 inearized shcl low water equations (2.4) with the i n i t i a l  condi t iun 
(4.1 ) i s  to  find the Fourier components E ~ ( ~ , o )  f (4.1 ) according 






i s  given by (2.28). The e-folding half width of the Fuurier 
. 1 r I., 1 )  i s  i l l  . ' I 
Thus, (4 .4)  shows t h a t  a narrow i n i t i a l  condit ion i n  $ i s  projected onto 
a broad band of zonal waves and vice-versa w i t h  maximum ~ ~ ( y . 0 )  always 
a t  k=O. The loca l i za t ion  of maxima and shape of the  Fourier spectrum 
of the  i n i t i a l  condit ion i s  of g r e a t  importance f o r  the  process of 
I 
2. 
dispersion of energy as discussed in Chapter 3. 
In most s i t u a t i o n s  t o  be considered i n  t h i s  chapter ,  Lx ( t h e  
zonal p e r i o d i c i t y )  'and re a r e  such t h a t  the  approximation . 
. . I ( 8  . ' % I '  
I 
L 
e r f  (2) 1 
re 
can be s a f e l y  applied t o  (4.3) .  The next s t e p  i s  t o  f ind  the  pro jec t ion  
of ck(y ,o)  onto the  normal modes c k Y n y r  ( y )  i n  order  t o  def ine  the  
expansion c o e f f i c i e n t  c k,n,r a s  i n  (2.83).  Once the  c o e f f i c i e n t s  
c a r e  determined, the s e r i e s  expansion f o r  the  so lu t ion  a t  any 
k , n , r  
a r b i t r a r y  point  (x ,y)  and time t can be performed (Equation 2.78), and 
the  so lu t ion  i s  known w i t h i n  t h e  des i red  t runcat ion  in  the  zonal wave- 
number k and meridional index n.  
4..2 P a r t i t i o n  of energy 
.; ; '7 i 
Parseval ' s  theorem allows us t o  es t imate  the  p a r t i t i o n  of energy 
between Rossby and g rav i ty  modes given the  i n i t i a l  condit ion (4 .1) .  
A measure of the  p a r t i t i o n  i s  given by the  parameter R defined by 
a l l  k , n  - 
0 
R i s  the  r a t i o  of the  t o t a l  energy i n  Rossby waves ( T E w )  t o  t h e  t o t a l  
energy i n  t h e  i n i t i a l  condit ion (TE). The value of R i s  important in  
understanding the  dynami cal  c h a r a c t e r i s t i c s  of t h e  motion evolving 
from the i n i t i a l  condition (4.1).  Most of the i n i t i a l  energy goes in to  
Rossby modes if R i s  near unity and the time behavior of the solution 
i s  slow ( i . e . ,  in  approximate geostrophic balance). I f  R i s  small,  
most of the i n i t i a l  energy i s  in gravi ty  modes which have a f a s t  time ~ 
character  and tend t o  rapidly propagate outward w i t h  1 i t t l e  dispersion 
in the  shor t  wave par t  of the zonal spectrum (Figure 3.6) .  
I 
Figure 4.1 shows the r a t i o  of to ta l  energy i n  Rossby waves t o  the 
t o t a l  i n i t i a l  energy as  defined by (4.6) as a function of the  e-folding 
half-width r a t  yo=O and yo=1.2 as labeled. The scale  a t  the top of e 
Figure 4~.1 i s  i n  dimensional units f o r  s.500; i n  t h i s  case the d i s t u r -  
bance a t  yo-1.2 i s  centered a t  approximately 14ON. The r a t i o  increases 
as r increases and i t  i s  larger  f o r  yo=1.2 implying t h a t  more energy e 
goes in to  Rossby waves fo r  large  disturbances and those centered a t  
higher l a t i t udes .  The two curves tend t o  merge fo r  very large d i s -  
turbances simply re f lec t ing  the f a c t  t ha t  the i n i t i a l  condition a t  
yo=O and yo=1.2 are  not c lea r ly  dist inguishable i f  re>>yo. 
The smallness of R and i t s  l a rger  value fo r  large-scale 
geopotential disturbances away from the Equator can be ea s i l y  explained 
by the s t ruc tu re  and energetics of Rossby waves as discussed i n  
1 
Chapter 3. Most of the t o t a l  energy i n  Rossby waves i s  i n  k ine t i c  
energy form (Figure 3.10) and the g e ~ p o t e n t i a l  gradients a re  small 
near the  Equator as required by geostrophy (Figure 3.12-3.13). A 
small perturbation a t  the Equator requires a broad spectrum in the  zonal 
wavenumber k according t o  (4.4)  and as  k increases the t o t a l  energy 
in Rossb; waves i s  almost a l l  i n  k inet ic  form (Figure 3.10), i . e .  there 
i s  more information i n  the w i n d  f i e l d  f o r  large  k (small zonal wave- 
length) .  This explains why l e s s  energy goes in to  rota t ional  modes 
1 )I: , a Figure 4.1 Ratio R of the t o t a l  energy in ~ o s s b i  modes t o  
the t o t a l  i n i t i a l  energy as a function of the 
half width re  f o r  the i n i t i a l  condition given 
. --,,. by ( 4 . 1 )  centered a t  the Equator ( yo=O ) and . , I  t I a I a t  yo=l .2  ( 140N fo r  ~=500 ) .  The scale  a t  the 
top i s  dimensional based on ~ = 5 0 0 .  
' 5  I ? ' !  I :  - 4 1  
f o r  sma i ' l - sca le  g e o p o t e n t i a l  d i s t u r b a n c e s .  S h i f t i n g  t h e  g e o p o t e n t i a l  
p e r t u r b a t i o n  away f rom t h e  Equator  makes i t  p o s s i b l e  f o r  h i g h e r  o r d e r  
m e r i d i o n a l  modes t o  c o n t r i b u t e  t o  t h e  r e p r e s e n t a t i o n  o f  t h e  i n i t i a l  
c o n d i t i o n  s i n c e  l a r g e  n  Rossby modes have maximum g e o p o t e n t i a l  
p e r t u r b a ~ t i o n  away f rom t h e  Equator ( F i g u r e  3.13). F i g u r e  3.1 0 shows 
t h a t  f o r  a  f i x e d  zonal  wavenumber, t h e  r a t i o  K/E decreases f o r  h i g h e r A  
m e r i d i o n a l  i ndex  n  Rossby modes and t h e r e f o r e  we would expect  a  l a r g e r  
f r a c t i o n  o f  t h e  d i s t u r b a n c e  cen te red  a t  y o = l  .2  t o  be r e p r e s e n t e d  by  
Rossby Javes. 
For  a  g e o p o t e n t i a l  p e r t u r b a t i o n  w i t h  t h e  parameter re l a r g e r  than  
t h e  equa l to r ia l  Rossby r a d i u s  o f  d e f o r m a t i o n  a  more s i g n i f i c a n t  percentage 
o f  t h e  i p i t i a l  energy goes i n t o  Rossby waves. I n  p a r t i c u l a r ,  i f  t h e  
non-dimensional  ha1 f - w i d t h  i s  t w i c e  t h e  e q u a t o r i a l  Rossby r a d i u s  
( re=2)  w e  have aa equal  p a r t i  t i o n  o f  energy between Rossby r a v e s  and 
g r a v i t y  paves. 
Knowing t h e  r a t i o  R o f  t h e  i n i t i a l  c o n d i t i o n  and t h e  e n e r g e t i c s  
o f  Rossby waves we can a n t i c i p a t e  gross f k a t u r e s  o f  t h e  t i m e  e v o l u t i o n  
o f  t h e  i n i t i a l  v a l u e  problem. L e t  us c o n s i d e r  f o r  example the 
development o f  t h e  broad i n i t i a l  g e o p o t e n t i a l  p e r t u r b a t i o n  r e = 2  I n  
t h i s  case t h e  F a u r i e r  components (.4.4) show t h a t  t h e  energy i s  concen- 
t r a t e d  near  k=O w i t h  a  sharp c u t - o f f  near  t h e  o r i g i n .  I n  o t h e r  words, 
most o f  t h e  energy i s  concen t ra ted  i n  t h e  l o n g  wave p a r t  o f  t h e  
spectrum. F i g u r e  4.1 shows t h a t  502 o f  t h e  energy i s  i n  Rossby modes 
and F i g u r e  3.9 shows t h a t  i n  l o n g  Rossby waves P=Ku i s  n e a r l y  zero.  
The i n i t j a l  g e o p o t e n t i a l  p e r t u r b a t i o n  tends t o  remain a t  t h e  i n i t i a l  
p o s i t i o n ,  b e i n g  s l o w l y  d i s p e r s e d  westward ( F i g u r e  3.6).  Thus, we can 
say t h a t  i f  t h e  d i s t u r b a n c e  i s  l a r g e  compared t o  t h e  e q u a t o r i a l  Rossby 
I 
r a d i u s  o f  de fo rmat ion  t h e  w ind  f i e l d  tends t o  a d j u s t  t o  t h e  mass f i e l d .  
On the other hand, a small i n i t i a l  geopotential perturbation has a 
broad spectrum in the zonal direction according to (4.4) and 1 i t t l e  
energy goes into the slow dispersive Rossby modes according t o  
Figure 4.1. Moreover, Rossby modes of shorter wavelength have more 
I energy in the wind f ie ld (Figure 3.10) and therefore the i n i t i a l  
geopotential perturbation i s  drast ical ly  reduced. The small energy 
and slow dispersive motion l e f t  a f t e r  the gravity waves disperse most 
of the in i t i a l  energy i s  primarily in the wind f ie ld .  Thus, we can 
say that  the mass f ie ld  has adjusted to  the wind f ie ld  since there was 
no motion i n i t i a l l ~ . ~ .  A , ,. . :  . , 
On the f-plane, the classical geostrophic adjustment problem also 
predicts a wind adjustment for  large disturbances and mass adjustment 
for small disturbances. However, in th is  case the comparison i s  made 
with the local Rcssby deformation radius 5, which tends t o  in f in i ty  
as the Equator i s  approached. When the 6-effect i s  included the 
relevant parameter i s  the equatorial Rossby radius of deformation 
- ,  defined by (2.22). We should also bear in mind t h a t  the adjusted 
i n i t i a l  energy i s  described by Ross by modes. The resul t s  of such an 
s t a t e  i s  n o t  the same on the f-plane and on the equatorial B-plane 
experiment are therefore representative of relat ively small perturba- 
as discussed in section 1.3. 
4.3 Equatorial R-plane example 




, I  I 
In Figures 4 .2  to 4.6, we show the evolution in time of the 
i n i t i a l  condition in the geopotential f i e ld  given by (4.1) for  
re=3. 35 ( r e  : 480 km for  ~ = 5 0 0 )  and yo=l.  2 (yo : 14" N for  ~ = 5 0 0 ) .  
Figure 4.1 shows t h a t  for such an i n i t i a l  condition about 209 of the 
I' 
baroclinic model with ~ = 5 0 0  we are describing a perturbation of a scale 
s l ight ly  larger than a tropical cloud cluster  (Williams and Gray, 1973). 
Truly local ized disturbances require a prohibitive number of eigen- 
functions to be accurately reproduced by the ser ies  representation 
given by (2 .79)  b u t  Figure 4.1 shows tha t ,  from an energy part i t ion 
point of view, the resul ts  wouid not be qual i ta t ively different had ' 
we chosen 0. 2<re<0. 5. 
In Aost of the experiments performed on the equatorial 6-plane, 
we have looked a t  the solution up to  t=8 (t23 days for  ~=500) .  We 
have chosen the period in the zonal direction Lx and a displaying 
area such that  the influence of the periodicity i s  not f e l t  within the 
time frame of the experiment. This can be easi ly  computed remembering 
that  the maximum group velocity allowed in the governing equations i s  
the phase speed of pure gravity waves c or ,  in non-dimensional units. 
one unit of length per u n i t  time. Thus, i f  we 1 imit the horizontal 
area to  3 units i n  the zonal and meridional direction we can use 
Lx=l 2 non-dimensional length uni ts .  The value of k i s  dependent on 
Lx as shown by (2 .28)  and the dispersive character is t ics  of the system 
are affected by the choice of Lx. However, within the time frame of 
the experiments th is  e f fec t  i s  negligible. 
Figure 4.2 i s  an x-t cross section a t  y=1.2 of the geopotential 
f ie1 d for  the geopotential disturbance centered a t  yo=l. 2 with 
e-folding half-width re=0.35. Figure 4.2.a i s  the complete solution 
and Figure 4.2. b (scaled by 1000) i s  the quasi-geostrophic solution, 
i - e . ,  the gravity modes were eliminated from the ser ies  solution (2.78) 
Figure 4.2.a shows that  a t  t = O  the geopotential perturbation i s  con- 
centrated around the origin x=O and tha t  i t  i s  rapidly dispersed by 
r 0.r wl? 0 
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the gravity modes in the form of f a s t  moving gravity fronts ,  one 
propagating towards the west and the other towards the east .  The 
gravity front  travels a t  almost the maximum group velocity allowed in 
the system (c  = 1 non-dimensional un i t ) ,  in agreement with the resul ts  
9 
on dispersion of gravity waves discussed in Chapter 3. 
The amp1 itude of the $-perturbation i s  reduced to  less  than 15% 
of the i n i t i a l  value a f t e r  t : 2 in agreement with the expected behavior 
based on energy parti t ion (Figure 4.1 ). Comparing Figures 4.2.a with 
4.2.b we J lear ly see that  the geopotential f ie ld  a f t e r  t = l  i s  primarily 
due to  the Rossby mode contribution. The region of positive geopoten- 
t i a l  perturbation d r i f t s  towards the west and a t  the same time i t  i s  
spread over a larger area showing the slow dispersive character of 
Rossby waves. A small negative geopotential perturbation appears to  
the east  of the in i t i a l  perturbation in Figure 4.2.a and we can trace 
i t  t o  the Rossby mode contribution in Figure 4.2.b. This negative 
geopotential area i s  a reflection of the eastward dispersion of shorter 
Rossby waves (Figure 3 .6) .  
Figure 4.3 and 4.4 show the x - t  cross section of the vort ic i ty  
and divergence f ie lds  respectively, a t  y=1.2. As in Figure 4.2, the 
complete solution i s  shown in Figures 4.3.a and 4.4.a while the Rossby 
mode contribution t o  the tota;  solution i s  shown in Figures 4.3.b and 
4.4.b. The divergence f i e ld  in Figure 4.4.b i s  scaled by 10,000. 
Figures 4.3 and 4.4 clearly show tha t  the motion l e f t  a f t e r  the passage 
of the gravity front  i s  primarily due to  Rossby waves, with divergence 
a t  l eas t  one order of magnitude smaller than the vort ic i ty .  This resu l t  
could have been anticipated based on Figure 3.20 which shows that  the 
r a t io  of vort ic i ty  to  divergence in Rossby waves i s  very large.  The 
vort ic i ty  associated with the slow dispersive gravity waves i s  a small 
perturbation on the vort ic i ty  f ie ld  of the quasi-geostrophic part of 
The divergence f ie ld  in Figure 4.4.a progressively becomes more 
the solution as inferred from Figure 4.3.a and 4.3.b. 
, q g 4  ,
zonal as time increases. This i s  due t o  the slow dispersion of .long 
,. . 
gravity waves as shown in Figure 3.6. Positive and negative zonal 
bands of divergence al ternate  in time with a  period of approximately 
2.5  non-dimensional time units implying a frequency typical of long 
gravity waves as shown in Figure 3 . 2 .  The divergence associated with 
Rossby modes (Figure 4.4.b) has a  negligible contribution to the total  
divergence f ie ld  (Figure 4.4.a) .  
A1 though the geopotential and vort ic i ty  (Figure 4:2. b and 4.3.  b 
respectively) of the Rossby mode contribution to  the in i t i a l  condition 
a t  t = O  i s  symmetrical about the origin x=O, the divergence f i e ld  
. I A 
(Figure 4.4. b )  i s  antisymmetrical. As aLresul t ,  the in i t i a l  develop- 
ment i s  such that  the whole geopotential configuration d r i f t s  toward 
the west; the positive divergence lowers the geopotential perturb2tion 
to the east  of the in i t i a l  geopotential maxima, eventually t o  negative 
values. Towards the west a  slow increase in the geopotential values 
4;. . 
- ,i; 
i s  observed reflecting the i n i t i a i  convergence shown in Figure 4 .4 .b .  
5 , ' :  
The non-dimensional divergence f ie ld  in Figure 4.4 can be made 
1.2. - .  - 
dimensional by the factor (TI-'. From (2 .21  ) with ~ = 5 0 0 ,  we have 
' I 
\ .  t 
' J  ' { I  , ' 
%he vertical  moti.on a t  the middle level of the 2-level baroclinic model 
, .  - 
k .  ,' 
c a i  be obtained from the divdrgence f ie ld  through the continuity 
equation as i n  (2 .5 .e ) .  I n  dimensional units (mb day-' ) and for  
E = 500 we have 
I 
Figure 4.4. a shows t h a t  t he  v e r t i c a l  motion osci  1 l a t e s  between 
+ 16 mb dab-' (using (4 .2)  and ( 4 . 8 ) )  f o r  an i n i t i a l  p o s i t i v e  tempera- - 
t u r e  devia t ion  of 1" C i n  the  500 mb l aye r  between l e v e l s  1 and 3 of 
the 2-1 evel Saroc? i n i c  model (Figure 2.1 ) . The maximum v e r t i c a l  motion 
assoc ia ted  with the  Rossby modes i n  t he  x- t  c ros s  sec t ion  shown i n  
Figure 4.4. b i s  approximately 4 mb day" a t  t=3 .  However, t h e  i n i t i a l  
imbalance generates  a v i o l e n t  response i n  the  divergence f i e l d  i n  a 
very s h o r t  time as  shown i n  Figure 4.4.a.  The assoc ia ted  maximum 
upward v e r t i c a l  motion f o r  t he  1" C instantaneous heat ing a t  t h e  
500 mb 1 evel i s  approximate1 y 750 mb day- ' .  
From Figure 4.2, 4.3, and 4.4 we conclude t h a t  t h e  low frequency 
Rossby type of motion i s  dominant i n  the  neighborhood of the  i n i t i a l  
$-per turba t ion  a f t e r  approximately one non-dimens ional time u n i t .  
Figure 2.2 allows us t o  convert  t h i s  adjustment time t o  dimensional 
u n i t s ;  f o r  c > 5 ms-' we see  t h a t  one non-dimensional u n i t  i s  l e s s  
than one day. In p a r t i c u l a r ,  f o r  8.500 (c=41 ms-I) t he  quasi-geostrophic 
motion i s  dominant a f t e r  l e s s  than ha l f  a day ( s c a l e  on l e f t  of 
Figures 4.2, 4.3 and 4 .4) .  In sec t ion  4.5 we f u r t h e r  d iscuss .  t h e  
adjustment time which i n  our case  has t o  do with t h e  time reqlrired f o r  
t h e  RossSy mode so lu t ion  t o  become dominant. In the  c l a s s i c a l  geo- 
s t r o p h i c  adjustment problem the  adjustment time i s  defined a s  the  time 
required f o r  t he  geostrophic so lu t ion  t o  become doininant (Cahn, 1945; 
Obukhov, 1949). 
In viei.! of the character  of the solution a f t e r  the f a s t  nlo~ing 
gravi ty  waves leave the area of the i n i t i a l  disturbance, l e t  us consider- 
the two d i~ens iona l  wind and geopotontial f i e l d s  a t  part ict i lar  times. 
Figure S.5.a, 5, c ,  a n d  d sho2is th: tkio-dimensional wind and geopoten- 
t i a l  f i e l d s  a t  t = O ,  t=2.!, t=5 .3  and t=8  fo r  t h e  sene experiment 
discussed so f a r .  In Figure 4 . 5  the lower and l e f t  scales  a re  in dimen- 
sicnal   nits fo r  €=5C? and the u?per and r j gh t  s c z ? ~  are  non- 
I I I I 
i?i;!ensiona?. As for dimension~l t i n e  we have: t = G ,  1 ,  2 ,  and 3 d;ys 
for Figures 4.5.a, b, c, and d respectively.  The geopotential f i e l d  
in Figure 4 . 5  i s  scaled by 10,003 and the arrows are  proportj83nal t o  
the wind speed. A t  t=2.7 (Figure 4.5.b) we can s t i l l  see the g r a v i t j  
wave f r cn t  a t  the corners of the f igure  with i t s  charac te r i s t i c  
' ' I  . ? 
ageostrophic rn2tion. Cornparing Figures 4.5.a,  b, c ,  and d ,  we see 
t h a t  the i n i t i a l  b-per~urbat ion has dropped t o  l e ss  than 10" o f  ths 
. . i n i c i a l  value and has iiicved west!dar-a and s l i gh t l y  northward 0 . 7  
non-dimensional l e n g t h  uni ts  (900 krn f o r  c=5CO). 1 .  ' ,  
Another in te res t ing  de ta i l  i n  the development of the  i n i t i ~ l  
I I., f I 1 . 1  . 
ccr;dition ( 4 . 1 )  i s  the appearance of the ?ow q ce i l  t o  the e:~st  of 
the i n i t i a l  perturbation. This can a l so  be seen i n  Figure 4 . 2  and  i t  
i s  basically a Rossby riloti~n feature  since i t  i s  a l so  shown i n  
Fiqure 4.2.5. Associated with t h i s  low pressure center  we observe 
cyclonic vo r t i c i t y  as shown i: i  the x- t  vo r t i c i t y  cross section . - ' ,  
(Figure 4 . 3 ) .  The in tens i ty  of t h i s  low pressure cent!r becames 
. . comparable t o  the remnant of the i n i t i a l  @-perturbation a f t e r  3 days Y 
( ~ = 5 C 3 )  a t  about 5;; of the i n i t i a l  value. The v o r t ~ x  generated in 
geostrophic response to the i n i t i a l  5-perturbaticn i s  highly asymetricai 
cirtd the central  pattern i s  s tretched in  the zonal directson reflectincj 
(a) t=O (b) t=2.7 
Figure 4.5 Two-dimensional wind and geopotential fields in non-dimensional units 
for the initial condition of Figure 4.2 at t=O (a ) ,  t=2.7 (b), t=5.3 
(c) and t=8.0 (d). The scales on the top and right are non-dimensional 
and the bottom and left scales are dimensional for ~ = 5 0 0 .  For ~ = 5 0 0  
the solution is displayed at t=l day (b), t=2 days (c) and t=3 days (d). 

a westward dispersion of the energy in long Rossby waves. The wind 
maximum in the neighborhood of the i n i t i a l  +-perturbation l i e s  to  the 
SE of the high @ center a t  t=2.7 and 5.3 (Figure 4.5.b and 4.5.c 
respectively). A t  t=8.0 the maximum wind i s  s t i l l  located t o  the SE 
b u t  the whole pattern i s  no t  so well characterized by the Rossby wave 
type rnotilon because, as the energy in Rossby waves gets dispersed, the 
local effect  of slow disperssve gravity waves becomes comparable as 
shown in Figure 4.5.b. 
The two-dimensional vort ic i ty  f ie ld  associated with the wind f ie ld  
of Figures 4.5.b and 4.5.d i s  shown in Figures 4.6.a ( t=2.7)  and 
Figure 4.5.b ( t=8.0) .  The label of the contour l ines in Figure 4.6 
are non-dimensional; they can be made dimensional by the factor [TI-' 
which for ~ = 5 0 0  takes the value given in (4.7).  A t  t=2.7 ( t = l  day 
for ~ = 5 0 0 )  the vort ic i ty  f ie ld (Figure 4.6.a) i s  dominated by a f a i r ly  
symmetrical area of cyclonic relat ive vor t ic i ty  and a region of 
anticyclonic relat ive vort ic i ty .  The anticyclonic region develops to 
the east  of the cyclonic region with maximcm intensity towards the 
southeast. A t  t=8.0 ( t = 3  days for  ~ = 5 0 0 )  the intensity of the an t i -  
cyclonic region has decreased while the cyclonic one has increased. 
A t  th i s  same time the development of another cyclonic center can be 
observed near the Equator stretching northward suggesting a cross 
equatorial transfer of energy in Rossby modes. This new anticyclonic 
center i s  n o t  a gravity wave feature since i l  also appears in the 
Rossby mode solution (not shown). 
In Figure 4.5.d we can identify the anticyclonic vor t ic i ty  f i e ld  
near the equator as a vortex with l i t t l e  geopotential perturbation. 
This i s  because the short Rossby waves, which have positive group 
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veloci ty ,  have small g e o p ~ t e n t i a l  amp1 i  tude near the Equator. The bulk 
of the  geopotential f i e l d  near the Equator i s  a  manifestation of the 
long gravity waves which have small group veloci ty .  
The tendency fo r  a SW-NE t i l t  i n  the  r e l a t i v e  vo r t i c i t y  f i e l d  
produced by an i n i t i a l  vo r t i c i t y  source has been noted by Hoskins 
(1977). Although an asymmetry of the  same s o r t  i s  obtained on the  
sphere w i t h  variable 6-parameter, our solution shows t h a t . t h i s  can 
a l so  be produced on a &plane provided the i n i t i a l  disturbance i s  p u t  
away from the reference l a t i t ude  ( the  Equator in our c a se ) .  
The wind and geopotential f i e l d s  a t  t = O ,  2.7, 5.3, and 8.0 fo r  the  
bell shaped i n i t i a l  condition discussed so f a r  b u t  centered a t  the 
Equator (yo=O) i s  shown i n  Figure 4.7. As in Figure 4.5, the arrows 
are  proportional t o  the wind speed and the  ~ e o p o t e n t i a l  f i e l d  i s  
scaled by 10,000. 
As predicted in section 4.2, based on the par t i t ion  of energy 
(Figure 4 .1) ,  the solution now shows much more var ia t ion in time. 
A t  t = 2 . 7  (Figure 4.7. b )  the geopotential f i e l d  has s p l i t  in to  two 
c e l l s  symmetric about the  Equator and the  maximum perturbation i s  l ess  
than 4% of the i n i t i a l  value. A t  t=5.3  (Figure 4 . 7 ~ )  and t=8.0  
(Figure 4.7.d) the long wave character  of the slow dispersive gravi ty  
wave i s  dominant in the geopotential f i e l d .  However, there  a re  some 
common featdres  among Figures 4.7a, b, c ,  and d such as the  strong 
zonal curvent a t  the Equator which i s  cha r ac t e r i s t i c  of symmetric 
Rossby ?aves (odd meridional number) as  shown i n  F!gure 3.12. 
Figure 4.8 shows the vo r t i c i t y  f i e l d  associated w i t h  the wind 
f i e l d  a t  t=2 .7  (Figure 4.8.a) and t=8.0 (Figure 4.8.b). The vo r t i c i t y  
f i e l d  i s  antisymmetric w i t h  respect  t o  the Equator, implying a n t i -  




between t=2.7 ( t = l  day f o r  €=500) and t=8.0 ( t=3  days f o r  ~ = 5 3 0 ) .  
The v o r t i c i t y  f i e l d  i n  F igu re  4.8 i s  a  Rossby mode f e a t u r e  a l though 
on l y  4% o f  t he  i n i t i a l  energy goes i n t o  Rossby modes. For a  1" C 
i n i t i a l  pe r tu rba t i on ,  i n  t he  midd le  l e v e l  o f  t h e  2 - leve l  baroc l  i n i c  
-6 -1 model, t h e  maximum abso lu te  r e l a t i v e  v o r t i c i t y  i s  about 1.2 x  10 s  
a t  t - 1  day compared t o  5.1 x  f o r  t he  yo = 1.2 case a t  t h e  same 
t ime (F igure  4.6.a). 
The example shown i n  F igures 4.7 and 4.8 rep resen t i ng  t h e  i n i t i a l  
e v o l u t i o n  o f  a  smal l  b e l l  shaped geopoten t ia l  p e r t u r b a t i o n  a t  t h e  
Equator shows t h a t  the  i n i t i a l  c o n d i t i o n  leaves an impression i n  t h e  
wind f i e l d  as v o r t i c i t y .  Al though the  i n i t i a l  geopoten t ia l  p e r t u r b a t i o n  
i s  q u i c k l y  wiped away, t he  wind f i e l d  remains w i t h  a  s t rong  eastward 
zonal c u r r e n t  i n  t he  neighborhood o f  t he  i n i t i a l  pe r tu rba t i on .  
A1 though the  i n i t i a l  c o n d i t i o n  centered a t  yo = 1.2 (F igu re  4.5) 
and yo  = 0  (F igure  4.7)  d i f f e r  o n l y  by t he  l a t i t u d e  where they  a re  
located,  the  t ime behavior o f  t he  s o l u t i o n  i s  q u i t e  d i f f e r e n t  as 
p red i c ted  i n  sec t i on  4.2 from an energy p a r t i t i o n  p o i n t  o f  view. 
Besides t he  f a c t  t h a t  o n l y  a  smal l  p a r t  o f  t h e  i n i t i a l  energy goes 
i n t o  Rossby modes, t h e  p e c u l i a r  behavior  o f  p l ane ta ry  waves near t he  
Equator, where f i s  zero, c o n t r i b u t e s  t o  t he  d i s t i n c t i v e  behavior  o f  
the  $-per-curbation centered a t  t h e  Equator. 
4.4 Sphere ( € = l o )  example 
I n  view o f  t he  r e s u l t s  obta ined i n  Chapter 3, we so lve  t h e  
problem c f  adjustment o f  t h e  mass and wind f i e l d  on t he  sphere f o r  t he  
ex te rna l  mode ( € = l o ) .  The technique i s  t h e  same as on  the  e q u a t o r i a l  
$-plane except t h a t  t he  bas is  f unc t i ons  a r e  Hough func t i ons  as discussed 
i n  s e c t i o n  2.5. It should be remembered t h a t  t he  i n i t i a l  c o n d i t i o n  
(4.1)  has t o  be corrected fo r  the convergence of meridians in  order t o  
be reproduced on the sphere. This e f f e c t  i s  small in equatorial 
regions since i t  depends on the cosine of l a t i t ude  b u t  becomes large  
Figure 4.9 shows the r a t i o  between the energy i n  ~ b s s b y  modes and 
the t o t a l  i n i t i a l  energy (potent ia l  energy i n  t h i s  case) f o r  the  
external mode on the sphere as a function of the dimensional haif  width 
re ( top sca le )  f o r  various l a t i t udes  as  labeled. The lower s ca l e  in 
Figure 4.9 i s  the  half width of the  i n i t i a l  geopotential perturbation 
in non-dimensional uni ts  t o  f a c i l i t a t e  comparison w i t h  the equatorial 
@-plane r e su l t s  shown in Figure 4.1. I 
The pa r t i t i on  of energy on the  equatorial  B-plane fo r  the 
be1 1 shaped geopotential i n i t i a l  perturbation (Figure 4.1 ) can be 
extrapolated t o  the  external mode ( & = l o ) .  The equatorial @-plane case 
centered a t  yo = 1.2 c losely  corresponds t o  the $-perturbation on the 
sphere a t  40' N (Figure 4 . 9 ) .  Comparing Figures 4.1 and 4 . 9  we see 
tha t  f o r  small perturbation;, say re< 0.5 (o r  re< 1800 km f o r  & = l o ) ,  
the equatorial $-plane and the  sphere agree f a i r l y  wel l ,  mainly fo r  the 
disturbance , -- centered a t  the  Equator. 
, . In general,  more energy goes in t3  Rossby modes on the sphere t h a n  
on the  equatorial  6-plane as  the  s i z e  of the i n i t i a l  +-perturbation 
increases. The r e su l t s  shown i n  Figure 4.9 a r e  however, qua1 i  t a t i ve ly  
i n  agreement w i t h  Figure 4.1 and the  discussion in section 4.2 o n  the 
pa r t i t i on  of energy and the  behavior of solut ion in time are  s , t i ] l  val id.  
Figure 4.10.a, b y  c ,  and d show the  wind and geopotential f i e l d s  
a t  t = O ,  6 ,  12, and 24 hour respectively fo r  the  i n i t i a l  condition in 
the geopotential f i e l d  centered a t  A=-90" and -f =25". The hal f  width 
re (non-dimensional ) 
Figure 4.9 Ratio R between the energy in Rossby modes t o  the 
total  i n i t i a l  energy for  a bell shaped i n i t i a l  
rondition i n  the +- f ie ld  given by (4.1) on the 
sphere ( €=I0 ) , centered a t  different  1  a t i  tudes 
as labeled. 
i s  approximately 1300 km.  A t  t = O  (Figure 4.10.a)  we have a negative 
geopotential perturbation, i . e .  low pressure, and a t  t=6  hours 
(Figure 4.10.b) the pressure has increased a t  the center of the i n i t i a l  
perturbation and moved north-northeast. The quasi -geostrophic nature 
of the flow a t  the center of the perturbation i s  already clearly seen 
as we1 1 as the gravity wave front.  The i n i t i a l  be1 1 shaped low 
pressure propagates outwards drawing f luid from the undisturbed region. 
As the f luid converges towards the ring of low pressure, the pressure 
builds u p  behind. However, t h i s  i s  n o t  a symmetrical effect  as can 
clear ly be seen a f t e r  6 hours (Figure 4.10. b ) .  The h i g h  pressure i s  
more intense on the western side of the disturbance and t h i s  i s  due t o  
the different dispersive characteristics of westward and  eastward 
moving gravity waves. The westward moving waves are less  dispersive 
than the eastward waves as shown in Table 3.5 and therefore the 
western part of the gravity front  i s  sharper. 
A t  t = 12 hours (Figure 4 . 1 0 . ~ ) :  a high pressure region t o  the 
east  of the remnant of the i n i t i a l  low pressure i s  developing; a t  
t = 24 hours (Figure 4.10.d) i t  i s  well defined and the wind f i e id  i s  
strongest between the high and the low in geostrophic response to  the 
strong pressure gradient. In Figure 4.10.c the gravity wave front  
has n o t  yet reached the antipodean point and the bulk of the energy 
in gravity modes i s  concentrated in the neighborhood of the gravity 
front.  A t  t = 24 hours the dispersion of gravity waves can be 
noticed since the gravity wave type of motion i s  spread over a much 
larger area. This i s  a consequence of the small difference in group 
velocity of gravity waves as a function of zonal wavenumber and 
meridional number. Thus, the gravity wave front breaks u p  and looses 
I 
$ scalecl by 1,CCjo X 
( a )  t = O  
( b )  t = 6  hc~~!-s 
Figure 4.10 I n i t i a l  value problem on the  sphere f o r  the external mode 
( E  =10 ) .  The i n i t i a l  condit ion,  given by (4 .1)  and shown 
in ( a ) ,  i s  a  gper tu rba t ion  centered at9.=25O A=-90'. The 
solution a t  t=6 hours, t=12 hours and t=24 hours i s  
displayed i n  ( b ) , ( c )  and  ( d ) ,  respectively.  

i t s  identity a f t e r  a  certain time and eventually there i s  ageostrophic 
motion spread over the whole globe with no clear organization since the 
narrow i n i t i a l  condition contains energy over a  wide spectrum. 
Most of the characteristics of the Rossby mode contribution to  
the solution on the sphere are present on the equatorial 6-plane 
solution. As suggested by Figure 4.9, the equatorial 6-plane part i  tion 
of energy assuming &=I0 closely approximates the resu l t  on. the sphere 
provided the disturbance i s  small and located near the Equator. On 
the other hand, Table 3.3 shows that  the equatorial 6-plane prediction 
of group le loc i ty  as defined by (3.7) can be large, on the order of 
100% for  long Rossby waves. However, the time between rei~forcoment 
for  long waves and low order meridional modes i s  on the order o f  10 
days and the group velocity i s  on the order of 10"-15" day-'. If  we 
look a t  the solution u9 t o  t = 1 day we clearly see that  the ?-plane 
solution for ~ = 1 0  can reproduce, a t  leas t  qualitatively,  the exact 
solution on the sphere. 
4.5 Summary and Discussion , . '  o 
In th is  chapter we have presented the solution of the i n i t i a l  
value problem governed by the linearized shallow water equations about 
a  basic s t a t e  a t  res t  subjected t o  an i n i t i a l  condition in the geo- 
potential f ie ld .  The analytical expression for  the i n i t i a l  4- 
perturbation i s  given by (4.1) ,  which i s  a  bell shaped bump centered 
a t  la t i tude yo with half width re. The Fourier components o f  the 
i n i t i a l  condition are given by (4.3);  the spectrum in the zonal 
direction i s  such that  a  wide i n i t i a l  condition i s  projected onto a  
I ~ 
narrow spectral band according to (4.4) ,  which gives the e-folding 
half w i d t h  of the Fourier spectrum. 
- -- -. 
-1 
A certain fraction of the $-perturbation ' h i t i i f  corihition goes 
into Rossby modes as shown in section 4.1; for  such an i n i t i a l  condition 
most of the energy goes into gravity modes unless the i n i t i a l  disturbance 
i s  large compared t o  the equatorial Rossby radius of deformation 
(Figure 4.1).  For small scale disturbances we conclude in section 4.1 
t &a- 
that the mass f i e ld  adjusts to  the wind since very l i t t l e  energy goes 
f ,  
"into Rossby modes and  therefore there i s  practically no quasi-geostrophic 
motion l e f t  a f t e r  the gravity waves disperse the bulk of the i n i t i a l  
t I . J '  I ' 'energy. I ' 
An example i s  shown on the equatorial B-plane in section 4.2 for 
a $-disturbance centered a t  yo = 1 . 2  and re  = 0.35. For such in i t i a l  
condition, approximately 20% of the i n i t i a l  energy goes into Rossby 
modes; th i s  experiment i s  shown in Figures 4 . 2  through 4.6. In the 
I ,  r 
two-level barocl inic  model discussed in section 2 .7  with Lamb's 
parameter E=500, the experiment can be interpreted as a sudden heating 
with maximum heating a t  500 mb. Thus, a t  t = O  &e pdrturb the thickness 
f ie?d  without any effect  on the wind f ie ld .  During the time interval 
%etween t = O  t o  t=3  days we notice the f a s t  dispersion of the heating 
' 
aby gravity waves and the development of a cold area to  the east  of 
- 2the i n i t i a l  disturbance. A t  t = 3  days the cold and warm areas have 
comparable intensity and the wind i s  close t o  thermal balance since 
, \:the solution a t  th i s  time i s  mostly made up  of siow dispersive Rossby 
modes. Approximately 10% of the input heating i s  not dispersed by 
g r a ~ i t y  modes. As for  possible consequences of these resul ts  t o  the 
keal  atmosphere we postpone the discussion t o  Chapter 7. 
I .  .: . !,! 
In the experiment shown in Figures 4 .2  to  4.5 we have noted the 
f a s t  adjustment time i . e . ,  the time required to  observe the Rossby 
modes contribution to  the solution. The time for  adjustment Ta can 
be defined as 
where c i s  the character is t ic  group velocity of gravity i~aves. Thus, 
9 
i f  the i n i t i a l  condition i s  projected onto the short wave part of the 
zonal spectrum, the adjustment i s  f a s t  since in th is  s i tuat ion c in 
g 
(4.9) i s  close t o  the maximum value allowed i n  the system (c  = I ) ,  as 
g 
shown in Figure 3.6. For the bell shaped i n i t i a l  condition considered 
here, the energy i s  concentrated near the origin with e-folding half 
width of the spectrum given by (4.4) .  Figure 3.6 shows that  the group 
velocity of long gravity waves can be small and therefore the adjust- 
ment time i s  slow; the wider the i n i t i a l  bell shaped 4-perturbation, the 
slower i s  the dispersion of the gravity mades a1 though more energy 
goes into Rossby modes in th is  case. Figure 4.11 i s  an example of 
such behavior. I t  shows an x-t cross section of the divergence f i e ld  
a t  y = 1.2 for an i n i t i a l  $-perturbation defined by (4.1) centered a t  
Yo = 1.2 and o f  half w i d t h  re = 2. As in Figure 4.2-4.4, the lower 
and l e f t  scales are in dimensional units assuming ~ = 5 0 0  and the t o p  
and r ight  scales are non-dimensional. The non-dimensional contour 
l ines in Figure 4.11 can be made dimensional by (4.7) assuming 2=500. 
The divergence f ie1 d i s  representative of gravity modes according 
t o  Figure 3.20 since Rossby waves are  primarily rotational.  Figure 
4.11 shows that  the divergence f i e l d  i s  indeed being slowly dispersed 
Figure 4.11 x-t cross section of the non-dimensional divergence 
field at y=1.2 for an initial condition in the 
geopotential field given by (4.1) with re=2.0 and 
yQ=1.2. The scales on the top and right are non- 
dimensional and the bottom and left scales are 
dimensional for ~=500. 
since the maximum absolute value decreases w i t h  time b u t  not nearly 
as f a s t  as in Figure 4.3, where the small scale geopotential i n i t i a l  
condition i s  treated. 
In section 4.4 we have discussed the barotropic case on the sphere 
with Lamb') parameter &=lo. From the energy parti t ion point of view, 
the resul ts  are qualitatively similar to  the equatorial 6-plane i f  
the i n i t i a l  condition i s  small and near the Equator. Figure 4.10 shows 
the i n i t i a l  condition and the wind and geopotential f ie lds  a t  t = 6  hour, 
12 hour and 24 hour fo r  a disturbance centered a t  25' of la t i tude north 
with e-folding half width of 1300 km. This i s  a global experiment and 
therefore i t  shows unique features of the process of adjustment in a 
bounded domain. Unless there i s  select ive damping fo r  the gravity 
wave type of motion, the Rossby wave solution soon becomes overshadowed 
by the gravity wave ac t iv i ty ,  I I . I (  . 
5. INITIAL CONDITION IN THE !&JIND FIELD ' 1, 
The problem of adjustment of the mass and wind f ie lds  fo r  an 
i n i t i a l  condition in the rotational part of the wind f ie ld  i s  discussed 
in th i s  chapter. I t  can be interpreted as an instantaneous addition 
of momentum with no counterpart in the pressure f ie ld .  As in Chapter 
4 ,  the resul ts  can ei ther  be interpreted as internal modes or as wind  
shear and thickness of the two-level barocl inic model discussed in 
section 2.1. , - I 4  
The functional form of a vortex l ike  in i t i a l  condition i s  shown 
in section 5.1 and the parti  tion of energy between Rossby modes and 
gravity modes i s  discussed in section 5.2. Examples of the solution 
of the in i t i a l  value problem are shown in sections 5.3  and 5 . 4  
(equatorial 8-pl ane and sphere respectively). The resul t s  are  
summarized in s e c t i ~ n  5.5. 
5.1 Vortex i n i t i a l  condition 
The i n i t i a l  condition to  be considered now has 
functional form on the equatorial 8-plane 
- 
the fol l  owing 
The radius of maximum wind speed of the i n i t i a l  anticyclonic vortex 
(5.1) i s  
I :  2 where r = x + (y-yo)2 . The anticyclonic vortex defined by (5.1) 
depends gn the two parameters re and yo: re is the e-folding width of 
1 1  
the exponintial factor in (5.1) and therefore a measure in the size of 
the vortex and yo is the latitude of the center of the vortex. The - 
112 -1 initial condition (5.1) is normalized by the factor (2e) re such 
that the maximum wind is one non-dimensional unit for any re. 
The relative vorticity associated with the initial vortex (5.1 ) 
i 
is 2 
[x2 + (y-y0) I I I Ex2 + (Y-Yo)21 - 1 exp - 2 re 
I (5.3) 
and the divergence is zero. Thus, there is anticyclonic vortici ty 
inwards from the radius rmax and cyclonic vorticity outwards. 
The Fourier coefficients of (5.1) are 
Thus, the Fourier spectrum of the zonal component of the wind is of the 
form exp (-0.25 r e 2  k2) and the meridional component is proportional 
to k exp (-0.25 re-* k2). The Fourier coefficient of the meridional 
wind of (5.1) is such that the energy peak is located at 
2 k = -  
max re 
b .  I 
T h u s ,  a wide vortex ( r e  l a rge)  i s  projected onto a narrow spectra l  band 
and vice-versa. Changing the  w i d t h  of the i n i t i a l  vortex we a re  able 
t o  s h i f t  the  region of maximum energy in the spectral  domain. In the 
' next sec'tion we study the par t i t ion  of energy between Rossby modes and 
gravi ty  modes as well as the d i s t r ibu t ion  of energy as a function of 
. e zonal wavenumber k and meridional index n .  
+ '  . ,I 
5.2 Par t i  t ion  of energy 
We now proceed t o  discuss the par t i t ion  of energy in Rossby waves 
and gravi ty  waves as was done with the i n i t i a l  condition in the $ - f i e ld  
i n  Chapter 4. The i n i t i a l  condition has a f l a t  geopotential f i e l d  
and therefore  i t  has no potential  energy; a l l  the i n i t i a l  energy i s  in 
k inet ic  form, and the i n i t i a l  wind f i e l d  i s  non-divergent. Rossby waves 
a r e  primarily ra t ional  (Fig 3.20) and shor t  Rossby waves have much more 
information i n  the  wind f i e l d  than i n  the geopotential f i e l d  s ince  the 
 ratio K / E  i s  large  (Figure 3.10). Thus, a small vortex l i k e  i n i t i a l  
!condition of the  form (5.1) i s  expected t o  be projected mostly onto 
-. i 
i shor ter  Rossby waves. In pa r t i cu la r ,  the vortex centered a t  the 
I 
\ 
Equator has a s t ruc tu re  s imi lar  t o  mixed Rossby gravi ty  waves 
(Figure 3.16), i . e .  the  equatorial vortex i s  projected mostly onto the 
n = O  meridional mode. 
As in  Chapter 4 ,  Parseval ' s  theorem is applied and the r e s u l t s  are  
summarized in Figure 5.1 where the r a t i o  R (4.6) of t o t a l  energy in 
Rossby modes t o  t o t a l  energy i n  the i n i t i a l  condition i s  shown as  a 
function of re fo r  disturbances ~ e n t e r ~ g d  ,gt yo = 0 and yo = 1.2. The 
ficjur'e 5.1 Ratio R of the  t o t a l  energy in Rossby modes t o  
the  t o t a l  i n i t i a l  energy a s  a  funct ion  of t h e  
half-width re f o r  the  vortex i n i t i a l  condit ion 
given by ( 5 . 1  ) centered a t  the  Equator ( yo=O ) 
and a t  y,=1.2. The s c a l e  a t  the  top i s  
dimensional f o r  ~ = 5 0 0 .  
sca le  on top of Figure 5.1 gives re i n  dimensional uni ts  assuming 
~ = 5 0 0 ,  in which case the disturbances a re  centered a t  the Equator and 
a t  approximately 14" N .  
Figure 5.1 shows t h a t  a small vortex of the form (5 .  i ) i s  projected 
mostly onto Rossby mo5es ( R > O .  95 f o r  a disturbance centered a t  yo = 0 
and re<0.5). As the  vortex gets  bigger and i s  displaced away from the 
Equator l e s s  energy goes in to  rota t ional  modes b u t  u p  t o  re = 1 . 5  the 
r a t i o  R i s  larger  than 0.5. Thus, contrary t o  the examples sho>/n i n  
Chapter 4, where the i n i t i a l  condition in the geopotential f i e l d  was 
t rea ted ,  the i n i t i a l  vortex experiment i s  expected t o  show small 
dispersion and t o  maintain i t s  iden t i ty  and strength fo r  a longer time. 
The par t i t ion  of energy i n  the ( k ,  n j  space can be studied,  thrcugh 
the  parameter 
where c / \ 
k,n , r  i s  the projection of ck(y ,o )  onto the normal modes : kyny r iy : .  
The square of c i s  the energy of the i n i t i a l  condition t h a t  i s  
k , n , r  - 
projected onto the  mode E ( y ) .  Thus, c i s  a measure of energy 
k,n,r k, n 
contained a t  wavenumber k and meridional mode n including a l l  types of  
waves. 
Figure 5.2 shows the i so l ines  of c ( a rb i t r a ry  un i t s )  f o r  the 
k , n  
i n i t i a l  condition (5.1) w i t h  re = 0.35 and yo = 0 i . e . ,  a vortex centered 
a t  the Equator. As expected, most of the kinet ic  energy o f  the  i n i t i a l  
vortex i s  associated with the mixed Rossby gravity wave ( n = O )  :.iith rest 
energy between wavenumbers 3.0 and 5.0 (nen-dimension2 I ) .  Since the 
P 
2 i n i t i a l  condition only exci tes  antisyinetric modes the coefficiei i t  c ~ , ~  
i s  zero for  odd n .  As n increases ( n  even) the  energy peak s h i f t s  
-2 Figure 5 . 1  l sol ines  of ck,, in ~ r b i t r a r y  uni ts  f o r  the vortex 
i n i t i a l  condition given by (5 .1)  with re=0.35 and 
yo=O ( symmetric modes ) i s  defined by ( 5 . 6 )  
and i s  a rneasllre of the  energy i n  a l l  types of waves 
in wavenumber k and rneridional mode n .  
I . ,  
I 
towards the origin of the zonal wavenumber axis. This i s  an  effect  
t h a t  can be understood by the energetics of Rossby waves because as 
n increases, K,, decreases a n d  KU increases for  the same k (Figure 3 .9)  
a n d  therefore we expect h i g h  n modes t o  be a manifestation of the 
zonal wind component of the in i t i a l  condition (5 .1  ). T h e  u-component 
of the Fourier coefficient ck(y,o)  in (5.4) i s  of the form 
exp (-0 .25 re2 k 2 )  a n d  therefore has a maximum a t  the origin thus 
explaining the structure of the isolines of c * for  large n in 
k,n 
Figure 5.2. 1 '  
Figure 5 .3  and 5 . 4  s h o ~  the isolines of 5 (arbi t rary uni ts)  
k ,  n 
fo r  ? odd  and  even r>spectively, for  tbe in i t i a l  condition (5.1 ) with 
r = 0.35 and yo = 1 . 2 .  Shifting the in i t i a l  vortex to higher lati tudes e 
has the effect of shift ing the highest values of F~~~ t o  the n-2  mode 
3 ( 
(even modes) and n=l mode (odd modes). Comparing the units 
in Figures 5.3 and 5.4  we notice that  there i s  more energy in odd modes 
(symmetric nlodes). In both figures there i s  a secondary maximum a t  
n=12 (Figure 5 .3 )  and n = 7  (Figure 5.4)  for  any value of k .  In 
Figure 5.4  (odd modes) another energy peak i s  found a t  n=21 (about 10:; 
of the maximum value). The general behavior of the distribution of 
energy in the zonal spectrum i s  similar t o  the yo = 0 case i . e . ,  the 
maximum away from the origin i s  only found for low n modes. However, 
in the meridional spectrum (ordinate) we f i n d  energJ concentrated in 
def ini te  n-bands when the in i t i a l  vortex i s  shifted away from the 
Equator. 
For a n  i n i t i a l  vortex with parameter re 2 1.5, the in i t i a l  energy 
i s  almost equally partitioned between Rossby and gravity modes 




5 .3  Isolines of c,,i in arbitrary units for the 
vortex initial condition given by (5.1) with 
re=0.35 and yo=l . 2  ( symmetric modes ) c y g  
is defined by (5.6) and is a measure of the 
energy in all types of waves in wavenumber k 
and meridional mode n. 
I I! I I 
gure 5.4 Same as Figure 5.3 but for anti-symmetric 
modes. 
i s  concmt ra ted  in a narrow band in the  long wave of the  zonal 
spectrum and according t o  Figure 3.10 both Rossby and gravi ty  modes 
have an spprec iable  amount of energy in both k ine t i c  and potent ia l  
forms. Thus, a combination of both modes i s  required t o  produce the  
i n i t i a l  condit ion.  
The is01 ines of c ( a r b i t r a r y  u n i t s )  f o r  re = 2 and yo = 0 a r e  I<, n 
shown in Figure 5.5. The peak in the  zonal spectrum i s  well defined 
only f o r  n = O  a t  k = 0.50. However, i n  t h i s  case we know t h a t  
approximately 70% of the  i n i t i a l  energy goes i n t o  g rav i ty  modes 
(Figure 5.1) and Figure 5.5 i s  a combination of Rossby and g rav i ty  
modes. Figure 5.6 shows the  i s o l i n e s  of c 2 
k,n,o 
i  . e . ,  t he  energy 
associa ted  w i t h  Rossby modes a s  a funct ion of k and n .  The d ~ s h e d  l i n e s  
f o r  k < 2- ' j2  a t  n=O i s  t he  g rav i ty  wave domain of the  mixed Rossby 
g rav i ty  wave as  discussed in sec t ion  2.3.1. Comparing Figure 5 .5  with 
Figure 5.6 we c l e a r l y  see  t h a t  the  Rossby wave cont r ibut ion  i s  mostly 
due t o  t h e  mixed Rossby g rav i ty  wave ( f o r  k > 2- 1 / 2 )  
C~ncern ing  the  problem of adjustment of the mass and wind f i e l d s  
we can a n t i c i p a t e  the  following, based on the  i n i t i a l  energy p a r t i t i o n  
(Figures 5.1 t o  5 .6) .  In a small vortex ( r e  l e s s  than the  equator ia l  
Rossby radius  of deformation) t h e  bulk of the  i n i t i a l  energy i s  i n  
Rossby modes (shortwaves) and, s ince  these a r e  slowly d i spe r s ive  
(Figure 3.6) and contain more information in the  wind f i e l d  (Figure 
3.10),  t he  wind per turbat ion  remains with l i t t l e  d ispers ion  and the  
pressure a d j u s t s  t o  t h e  wind. Thus, a s t a t e  of quasi-balance i s  
reached a s  soon a s  the  energy in g rav i t a t iona l  modes leaves t h e  area 
of the  i n i t i a l  dis turbance.  
Figtite 5.5 Isolines of <;$ in arbitrary units for the 
, ' 




vortex inital condition given by (5.1) with 
re=2.0 and yo=O ( symmetric modes ) is 
a measure of the energy in all types of waves 
in wavenumber k and meridional mode n. 
vortex inital condition given by (5.1) with 
re=2. 0 and yo=O ( symmetri c modes ) ck ,nTO 
is a measure of the energy in Rossby waves in 
- wavenumber k and meridional mode n.The dashed 
line correspond to the mixed Rossby gravity wave 
We should notice that  the parti t ion of Ku and Kv in Rossby waves 
i s  such t h a t  short waves have most of the kinetic energy in the 
meridional wind component and long waves most of the kinetic energy 
in the zonal wind component (Figure 3.9). Since K = P (3.19) we u 
expect to  observe a slow westward dispersion of long Rossby waves 
appearing as a zonally stretched geopotential and zonal wind perturba- 
tion. In the eastward direction the shorter Rossby waves should induce 
,meridional motion and short-wave1 ength pressure cell  s  ikn the zonal 
:direction. However, the smaller i s  the parameter re in (5 .1  ) the 
broader i s  the spectrum and the time behavior of the solution will not 
be characterized by a particular zonal wavelength. 
On the other hand, a large-scale vortex (compared t o  the equatorial 
Rossby radius of deformation) contains more energy in gravitational 
modes and the energy i s  concentrated in the long wave part of the zonal  
spectrum (according to  (5.3) and Figure 5.1 ) .  The long gravity waves 
contain the bulk of the in i t i a l  energy and they are slowly dispersive 
(Figure 3.6;. Thus, the adjusted s t a t e ,  i . e .  the motion characterized 
by the Rossby mode contribution i s  not clearly defined and we cannot 
real ly  speak of an adjusted s ta te .  A similar behavior was found in 
Chapter 4 for  a wide bell shaped $-perturbation. 
In the traditional f-plane analysis, an in i t i a l  disturbance which 
i s  large compared to  the Rossby radius of deformatiun ( )  implies t h a t  
the wind  adjusts t o  the pressure. Thus, i f  there i s  no geopotential 
perturbation a t  t = O  there will- be no wind in the adjusted s t a t e .  Dn 
the equatorial @-plane (and also on the sphere), the adjusted s t a t e  
i s  the motion associated with Rossby modes that i s  l e f t  a f t e r  the 
g r a v i t y  waves a r e  d ispersed.  Such an a d j u s t e d  s t a t e  i s  observed i n  
o u r  a n a l y s i s  o n l y  i f  t h e  energy i n  l o n g  g r a v i t y  waves i s  much l e s s  
t h a n  t h e  energy i n  Rossby modes. For  t h e  be1 1  shaped d i s t u r b a n c e  con- 
s i d e r e d  here, a  wide i n i t i a l  p e r t u r b a t i o n  has most o f  i t s  energy i n  
t h e  longwavh p a r t  o f  t h e  spectrum and t h e r e f o r e  t h e  concept  o f  a d j u s t e d  
s t a t e  may be meaningless.  
5.3 The v o r t e x  i n i t i a l  c o n d i t i o n  on t h e  e q u a t o r i a l  a-plane 
F i g u r e  5.7 shows t h e  x - t  c r o s s  s e c t i o n  o f  t h e  $ - f i e l d  a t  y = 1.2 
up t o  t = 8.0 ( 2  3 days f o r  s=500) f o r  t h e  v o r t e x  i n i t i a l  c o n d i t i o n  
w i t h  re = 0.35 ( 2  480 km f o r  ~ ~ 5 0 0 )  and yo = 1.2 (214" N f o r  ~ = 5 0 0 ) .  
The i n i t i a l  d i s t u r b a n c e  i n  t h i s  exper iment  i s  a c t u a l l y  a  c y c l o n i c  
v o r t e x  and t h e r e f o r e  (5.7) has t o  be m u l t i p l i e d  by -1. As ment ioned 
i n  s e c t i o n  5.1, t h e  maximum wind speed i s  one non-dimensional  u n i t  a t  
t=O ( o r  41 ms-I f o r  r=500) .  The p e r i o d i c i t y  i n  t h e  zonal  d i r e c t i o n  i s  
Lx = 12 f o r  t h e  reasons d iscussed  i n  s e c t i o n  5.3. 
The dynamical response f o r  t h e  i n i t i a l  imbalance i s  a  s t r o n g  
d ivergence which lowers  t h e  $ - f i e l d  t o  a  minimum v a l u e  o f  approx imate ly  
-0.5 non-d imensional  u n i t s  (see (4.2) f o r  convers ion  t o  d imens iona l  
u n i t s  assuming ~ = 5 0 0 )  a t  t = 0.6 (: 6  h r  f o r  ~ = 5 0 0 ) .  A f t e r  r e a c h i n g  
t h e  minimum v a l u e  a t  t = 0.6 t h e  g e o p o t e n t i a l  i nc reases  f o l l o w e d  by 
t h e  f o r m a t i o n  o f  a  h i g h  c e l l  t o  t h e  eas t .  About 85% o f  t h e  i n i t i a l  
energy goes i n t o  Rossby modes and t h e r e f o r e  F i g u r e  5.7 i s  m o s t l y  a  
m a n i f e s t a t i o n  o f  these  s low d i s p e r s i v e  modes. 
F i g u r e  5.8 shows t h e  2-D s t r u c t u r e  o f  t h e  exper iment  shown i n  
F i g u r e  5.7. The i V  and (p f i e l d s  a r e  shown i n  F i g u r e s  5.8.a, b, c, and 
d  a t  t = 0, 2.7, 5.3 and 8.0 (t=O, 1, 2  and 3 days f o r  ~ = 5 0 0 )  respec- 
t i v e l y .  As t i m e  inc reases  t h e  l o w  $ - c e l l  generated i n  response o f  t h e  
, ' ,  .' , .  1 1  
F i g u r e  5.7  x - t  c r o s s  s e c t i o n  o f  t h e  non-dimensional  g e o p o t e n t i a l  
r c.rl ,I f i e l d  a t  y=1.2 f o r  t h e  i n i t i a l  c o n d i t i o n  g i v e n  by 
(5 .1)  w i t h  re=0.35 and y o = l  .2 .  The t o p  and r i g h t  
- 1". . sca les  are non-dimensional  and t h e  bot tom and l e f t  
sca les  a r e  d imens iona l  f o r  ~ = 5 0 0 .  


i n i t i a l  imbalance d r i f t s  towards the west and i s  stretched in the 
zonal direction. The high $-cell noticed in the x - t  cross section 
i s  now seen to  be more intense in the NE quadrant. As time increases, 
the low and the high geopotential regions become comparable b u t  the 
wind f ie ld  associated to  that  high cell  i s  primarily meridional. This 
i s  in agreement with the qual i ta t ive observations made in section 5.2 
based solely on the parti t ion of energy and the characteristics o f  the 
free modes. 
The intensity of  the wind f i e ld  remains practically unchanged u p  
t o  t = 8.0 b u t  the i n i t i a l  symmetrical vortex i s  intensified between 
the low and high centers in accordance with the increased pressure 
gradient. 
In the two-level baroclinic model (section 2.1) th i s  experiment 
can be regarded as an in i t i a l  condition with cyclonic shear. Thus, 
the i n i t i a l  response i s  a cooling in the center of the vortex (thickness 
decreases) and a t  the same time a warming occurs in the N E  quadrant. 
In ternis of vertical motion, the cyclonic shear induces an upward 
vertical motion in the center and downward motion in the FIE quadrant. 
A1 though the vertical  shear retains the same intensity,  strong east-west - t 
asymmetries are observed. 
Alternatively, we could look a t  wind and geopotential f ie lds  
shown i n  Figure 5.8 as representing the 750 mb level. I n  th i s  case 
the geopotential f ie ld  a t  250 mb would be the negative of the f ie ld  
a t  750 mb and the wind  would have to  be reversed b u t  with the same 
magnitude. Thus, the in i t i a l  condition shown in Figure 5.8 can be 
regarded as a anticyclone overlaying a cyclone. However, in th is  case 
3 I 1 .  1 
the lowering of the geopotential f i e l d  a t  750 mb and the associated 
r i s ing  a t  250 mb implies a thickness increase and, through the  
thermodynamic equation ( 2 . 5 .  g )  , sinking motion. The ver t i ca l  shear 
in t h i s  s i t ua t i on  i s  anticyclonic.  
Thus, i f  the  i n i t i a l  condition i s  an anticyclonic shear with no 
. . 
impression on the  temperature f i e l d ,  the dynamic response of the 
f l u id  i s  t o  s e t  up a sinking motion i n i t i a l l y  so as t o  bring the flsw 
t o  approximate thermal balance. In dimensional uni ts  (assuming 
~ = 5 0 0 ) ,  the i n i t i a l  development of the 5-f ie ld  shown in the x - t  
cross section (Figure 5.7) implies a maximum ver t i ca l  motion of 
approximately 40 mb day" (up o r  down depending on whether the i n i t i a l  
shear i s  cyclonic o r  ant icyclonic)  i f  the maximua ver t i ca l  shear 
Figure 5.9  shows the two-dimensional s t ruc tu re  a t  t = 2.7 of the 
same i n i t i a l  vortex t rea ted  so f a r  b u t  centered a t  the Equator 
(yo = 0) .  In both cases (yo = 0 and yo = 1.2) the i n i t i a l  vortex 
remains almost unchanged up  t o  t = 2.7. The i n i t i a l  condition i s  such 
t h a t  u -is antisymmetric and v i s  symmetric and therefore  only an t i -  
I .I symmetric modes a r e  excited ( n  i s  even). 
The pressure response i s ,  however, qu i te  d i f f e r en t  f o r  an i n i t i a l  
vortex centered a t  yo = 0 and yo = 1 .2 .  For the vortex centered a t  the 
Equator the intense pressure response occurs t o  the NE and SE (high 
and low respectively) though of smaller magnitude than the previous 
case shown i n  Figure 5.9.a (not ice  t h a t  the pressuie f i e l d  i s  scale? 
by 1000 in Figure 5.S.a and by 10,000 in Figure 5 .9 ) .  Although t h e  
mass readjustment w i t h i n  the i n i t i a l  vortex i s  small, Figure 5.9 shows 
Figure 5.9 Two-dimensional geopotential and wind fields in non- 
dimensional units for the vortex initial condition 
given by (5.1) with re=0.35 and centered at the 
Equator ( yo=O ) at t=2.7 ( t=l day for ~=500). The 
scales on top and right are non-dimensional and the 
bottom and left scales are dimensional for ~=500. 
t h a t  the  $ - f i e ld  lowers in the  northern hemisphere in response t o  the 
cyclonic flow while the geopotential f i e l d  goes up  i n  the southern 
hemisphere i n  response t o  the anticyclonic flow. 
The barotropic response i s  s imi lar  t o  the equator ,,l 6-plane 
r e su l t s  shown i n  t h i s  section provided we appropr te1 i n t e rp r e t  the 
length and time scales  (see Figures 2.2 and 2.3).  In the next section 
we show the r e su l t s  on the sphere f o r  ~ = 1 0  over the whole globe in 
order t o  emphasize the process of dispersion of ensrgy. 
5.4 Sphere ( € = l o )  example 
The i n i t i a l  condition (5.1) can be eas i ly  transformed t o  the 
(A;?) space on the sphere and projected onto the Hough functions fo r  
~ = 1 0 .  As discussed i n  sect ion 2.5 the method of solution of the 
equatorial O-plane., can be carr ied  out on the sphere with minor 
modifications. 
' On the sphere ( ~ = 1 0 )  the  par t i  t ion  of L . . ~ .  , ,,..,,n Rossby 
" ' -modes and gravi ty  modes f o r  the vortex defined 5.1) i s  s imi lar  t o  
t h e  equatoriai 6-plane case shown in Figure 5.1 f o r  a vortex centered 
a t  the  Equator and re < 1500 km. For a vortex centered a t  40' (yozl .  20) 
the  equatorial    plane predict ion of the r a t i o  K defined by (4 .6)  i s  
within 50% f o r  re 4 1500 h. 
J ~ ? ' ) ~ I , J  
, I   f figure 5.10 shows the development i n  time of an i n i t i a l  cyclonic 
vortex centered a t  the Equator with re = 0.40 ( z  1500 km f o r  E-10). 
The i n i t i a l  condition i s  shown i n  Figure 5.1u.a and the  geopotential 
and wind f i e l d  a t  t = 8  hr, 24 hr., 48 hr., 96 hr,, and 144 hr. a re  
displayed in Figures 5.10. b, c,  d ,  e,  and f respectively.  Only half 
the globe i s  shown in Figure 5.10 and the geopotential f i e l d  i s  scale 
by 10,000; the  arrows a re  proportional t o  the wind speed as  indicated. 
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The solution on the sphere fo r  ~ = 1 0  a t  t = 8  hr. (Figure 5 .10 .b )  
can be compared t o  the 6-plane solution shown in Figure 5 . 9  a t  t = 2 . 7  
(t-  9 hr. fo r  ~ = 1 0 ) .  Ne c lea r ly  see t ha t  the equatorial B-plane r e su l t  
i s  not only qua1 i t a t i v e l y  b u t  a l so  quant i ta t ively  s imi lar  t o  the  sphere. 
A t  t=24 hr. the 6-plane r e su l t s  (not  shown) a r e  s t i l l  qua l i t a t ive ly  
good when compared t o  Figure 5.10.c b u t  the positioning and magnitude 
i s  not as  accurate as a t  t = 8 hr. 
A t  t = 48 hr. (Figure 5.10.d) we c lea r ly  see the eastward 
dispersion of the mixed Rossby gravity waves characterized by large  
v-component of the wind a t  the Equator and approximate geostrophic 
balance a t  higher l a t i t udes .  The zonally elongated f i e l d  t o  the west 
of the i n i t i a l  vortex i s  cha r ac t e r i s t i c  of the westward dispersion of 
long Rossby waves with the  predominance of zonal over meridional wind 
(Figure 3.12 and 3.13). The s t ruc tu re  of the mixed Rossby-gravity wave 
observed due ea s t  of the i n i t i a l  vortex corresponds t o  the s=5 wave or 
k = 2.8 i n  non-dimensional uni ts .  This i s  approximately the wavelength 
of maximcm energy in the  R = 0 mode (o r  n=O a c c ~ r d i n g  t o  Table 3.2) 
shown i n  Figure 5.3. Table 3.3 predicts  reinforcement t o  occur in a 
time interval  of approximately two days and about 27" t o  the e a s t ,  
implying a group veloci ty  of 14' day-' f o r  a disturbance with peak 
energy a t  s = 5. Comparing Figure 5.10.d, e and f ( a t  t = 48 hr., 
96 hr., and 144 hr., respect ively)  we can follow the eastward propaga- 
t ion  of the high centers i n  the northern hemisphere a t  about the speed 
predicted by the reinforcement argument. 
5.5 Sumn~ary and Discussion 
In t h i s  chapter we have shown the time development of the i n i t i a l  
vortex ( 5 . )  which i s  characterized by the  parameter yo ( l a t i t u d e  of 
the center)  and re ( t he  s i z e  of the vortex). The Fourier components 
of the i n i t i a l  condition a r e  given by (5.4). 
The par t i t ion  of energy between Rossby and gravity modes and the 
spectral  d i s t r ibu t ion  of energy in the zonal wavenumber and meridional 
index space ( k , n )  i s  discussed in section 5.1. For a vortex which i s  
small r e l a t i  ye t o  the equatorial Rossby radius of deformation, the 
bulk of the i n i t i a l  energy goes in to  Rossby modes (Figure S.1).  As 
the vortex s i z e  increases or i s  sh i f t ed  away from the Equator l e s s  
energy goes in to  Rossby modes. In par t icular ,  f o r  a vortex characterized 
oy re = 2 approximately 401 of the energy goes in to  Rossby modes, and 
Figure 5.5 shows t ha t  i t  goes primarily t o  the mixed Rossby gravity wave. 
Although 40%'of the i n i t i a l  energy i s  i n  the slow dispersive modes, 
the r e s t  of the i n i t i a l  energy i s  concentrated i n  long gravity waves 
which a r e  a l so  re la t ive ly  slowly dispersive (Figure 3 .6) .  Thus, the 
adjustment time Ta defined by (4 .9 )  i s  large and we cannot speak of 
the adjusted s t a t e  i n  t h i s  case. 
A small i n i t i a l  vortex (e.g. re = 0.35) i s  characterized by an 
adjustment of the pressure f i e l d  t o  the i n i t i a l  w i n d  configuration. 
The energy i s  mostly in Rossby modes and the adjustment i s  f a s t  as  
shown in Figure 5.7 which shows an x - t  cross section of the +- f ie ld  
a t  y = 1.2 fo r  an i n i t i a l  vortex centered a t  yo = 1.2. 
One migt-!t speculate on the implications of the vortex experiment 
in terms of the maintenance cf closed c i rcula t ions  i n  the atmosphere. 
If f o r  any reason the in tensi ty  of the closed c i rcula t ion i s  changed, 
the mass and wind f i e l d s  respond in a shor t  time scale  i n  such a 
way so as  t o  bring the pressure f i e l d  in to  approximate geostrophic 
balance with the perturbed wind which tends t o  remain unchanged 
(Figures 5.8 and 5.9). Thus, the pressure adjusts t o  the wind and th is  
i s  true over a wide range of vortex sizes since most of the in i t i a l  
energy goes into Rossby modes (Figure 5.1 ).  
The question that we have to answer now concerns the physical 
mechanism that  might produce such an i n i t i a l  condition, i . e . ,  a 
sudden intensification of the vortex intensity without changing the 
pressure f ie ld .  
In the oceanographic context, an in i t i a l  condition in the wind 
f i e ld  i s  interpreted as a sudden wind s t ress  applied a t  the ocean 
surface (Lighthill ,  1969). The wind s t ress  i s  treated as a body force 
distributed uniformly in depth over an upper well mixed layer in the 
ocean. In the atmosphere, cumulus convection may ac t  to  redis t r ibute  
momentum in the vertical and possible generate momentum (Ooyama, 1971 ; 
Houze, 1973; Moncrieff and Mil l e r ,  1976; and Stevens, 1977). However, 
the physics of the momentum transport and generation in the atmosphere 
i s  not yet ful ly  understood and certainly more compl icated than what 
the simple shallow water equations can describe. Thus, the interpre- 
tation of the resul ts  shown in t h i s  chapter as momentum sources by 
cumulus convection i s  speculative b u t  has a diagnostic value as f a r  as 
the dynamics of the system i s  concerned. 
Plumerical studies by Moncrieff and Miller (1  976) and Moncrieff 
(1 978) have indicated the possibil i ty of kinetic energy increase a t  
lower and upper levels by deep convection provided the system i s  
embedded in an environment with the wind blowing in opposite directions 
in upper and lower levels. This i s  exactly ths situation in a tropical 
storm. I t  has been recently suggested by McBride (1 979) t h a t  a favor- 
able condition fur the development of a hurricane in a large vort ic i ty  
gradient between the 200 mb level and the 900 mb level. Under those 
circumstances, deep convection might ac t  towards increasing the inten- 
s i t y  of the anticyclonic vertical  shear and our results indicate a 
dynamically induced subsidence in the inner part of the vortex, The 
decrease in the radial circulation traps the energy within the system 
allowing for  local warming and surface pressure f a l l .  Thus, the 
surface wind increases and the energy input by evaporation, further 
contributes to the enhancement of the disturbance. 
We might also speculate on the east-west asymmetry of the 
resulting adjusted s t a t e  characterized by the slow dispersive Rossby 
modes. Anthes (1972) suggests that  the asymmetries observed i n  a 
hurricane are a resu l t  of dynamical ( ine r t i a l  ) ins tab i l i ty .  Howevsr, 
Anthes' argument i s  based on a model formulated on an f-plane. Our 
resul ts  suggest t h a t  asymmetries can also be produced by the variation 
of the Coriolis parameter. 
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6. STEADY FORCING 
4 ,  
, . '  
In this  chapter we consider the i n i t i a l  value problem governed by 
the 1 inearized shallow water equations (2.74). i n  particular,  we assume 
, " t h e  forcing term i s  t o  be independent of time. 
In section 6.1 we present an  example of a steady bell shaped mass 
source/sink on the equatorial @-plane. The dynamic response to a 
sv i  tch-on stationary vortex momentum forcing i s  shown in section 6 .2 .  
In the two level baroclinic model th is  experiment can be interpreted 
as the momentum forcing induced by clouds in such a way that  a 
cyclonic or anticyclonic shear i s  continuously appl ied. 
I n  section 6.3 the la t i tude dependence and relat ive position of 
the mass source/sink are considered. Section 6 . 4  i s  a summary o f  the 
resul ts  t o  be discussed in th is  chapter. 
where 
for t 2 0 I i 
! 
6.1 Steady mass source/si n k  - equatori a1 @-plane 
The in i t i a l  value problem posed by (2.74) with IF E 0 and 
~ ( x , y , o )  # 0 can be interpreted as an instantaneous forcing. In th is  
section we consider another particular form of the forcing term IF 
for  t < 0 i -  




i s  time independent. The plus/minus sign i n  (6.2) represents a mass 
source/sink i n  the shallow water equations. 
In the s t r a t i f i e d  atmosphere discussed in  sect ion 2.1 the forcing 
function (6.1) is  the projection of the  heating forcing onto a par t icu-  
l a r  ver t ica l  mode. 
In the non-homogeneous case of the  two-level baroclinic model we 
have the re la t ion  
1 - -  - 1 
f ( x , ~ j  = c d ' R(0l2 
where the subscript  (2)  i n  (6.3)  re fe r s  t o  the middle level (Figure 
2.1) ,  Q i s  the heating r a t e  in  units of ( O K  s - l )  and R i s  the gas 
constant fo r ,  dry a i r .  For c = 41 ms-I ( ~ = 5 0 0 )  equation (6.3) can be 
writ ten as 1 
f ( x , y )  = (Q)2 6.5 x deg-' day 
The s t e  dy forcing considered i n  t h i s  secti.on i s  expected t o  P 
give a large response i n  Rossby modes according t o  (2.86) since the  
lower the frequency of the  eigenmode the  more resonant i t  is  t o  the 
s ta t ionary forcing. In f a c t ,  the geostrophic mode ( k = O )  i s  resonant 
t o  the forcing (6.1 ) without the damping term K and gives a 1 inear  
growth of the zonal wind and geopotential f i e l d s ,  and therefore  no 
contribution t o  the divergence f i e1  d. 
Figure 6.1, 6 .2  and 6.3 show an x - t  cross sect ion a t  y = 1.2 of 
the geopotential , vor t i c i ty  and divergence f i e l d s  f o r  K = 0, re = 0.35 
and yo = 1.2 (re 470 km and yo 1600 km f o r  ~ = 5 0 0 )  includinq Rossby 
and gravity modes. The Rossby mode contribution t o  the solution i s  
shown in Figures 6 . lb ,  6.2b and 6.3b. The i n i t i a l  condition i n  this 
experiment i s  one of no motion and no geopotential perturbation. 
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Figure 6.1 shows t h a t  the gravi ty  modes have a small contribution 
t o  the t o t a l  s o l u t i o n  except f o r  small x and t and along the character-  
i s t i c  l i n e  x- t .  The vo r t i c i t y  f i e l d  (Figure 6 .2)  i s  p rac t i ca l ly  a l l  
due t o  Rossby modes. Both geopotential and vo r t i c i t y  f i e l d s  show a 
westward displacement of the center  of maximum in tens i ty  although the  
forcing i s  fixed i n  space and t ine .  This behavior has t o  do with the  
' 
westward dispersion of long Rossby modes excited by the  for.cing. An 
analogous phenomena occurs with the instantaneous forcing as discussed 
in Chapter 4. 
The cross section of the divergence f i e l d  a t  y = 1.2 (Figure 6.3) 
i s  p rac t i ca l ly  a1 1 due t o  the gravity modes response as can be ea s i l y  
seen by comparing Figure 6.3a with Figure 6.3b (scaled by 1000). The 
divergence f i e l d  reaches a quasi-steady s t a t e  a f t e r  approximately one 
non-dimensional time un i t  ( l e s s  than 9 hrs.  f o r  ~ = 5 0 0 ) .  The exact 
steady s t a t e  solution implied by Paegle (1975) i n  a s imi lar  problem 
i s  a consequence of h is  f-plane assumption which allows f o r  a steady 
s t a t e  solutibn which i s  not zonally symrnctric. 
For the heating r a t e  of 8' C day-' ,  with maximum in the middle 
troposphere, the  two level barocl i n i c  model ( ~ = 5 0 0 )  would give an 
almost steady s t a t e  upper 1 eve1 divergence of apprnximately 
1.4 x 1 0 ' ~  s-I  (u2 z 600 rnb daym1 ) with convergence over a broad region 
west of the heat source (1.3 x 5-l implying w2 : 50 mb day"). 
The sinking west of the  heat source produces a slow warming and conse- 
quent increase i n  thickness as shown in  Figure 6.1. To the e a s t  of 
the heat source, the general tendency i s  f o r  divergence in the  upper 
1 eve1 and consequently upward ver t i ca l  motion which induces a cool i ng 
and thickness decrease. However, the contribution of the geostrophic 
mode (which i s  non-divergent) i s  a l inear incr2ase of the geopotential 
f ie ld  and the zonal component of the wind. The combination of the 
geostrophic modes with a1 1 other modes explains the relat ive constant 
value of @ east of the heat source as observed in Figure 6.1. 
The two dimensional wind and geopotential f ie lds  are shown in 
Figure 6 . 4  a t  t = 2 .7  ( 1  day for  ~ = 5 0 0 )  for the same experiment shown 
in Figures 6.1, 6.2, and 6.3. Figure 6.4 can be viewed as representing 
the upper level of the two level baroclinic mod21 ; i n  th<s  case the 
lower level flow i s  reversed and the geopotential f ie ld  has the 
opposite sign i . e . ,  we have cyclonic motion a t  the lower level in agree- 
ment with the heat source in the middle of the troposphere. 
The heat source i s  fixed a t  x = 0 and yo = 1 . 2  b u t  the maximum 
' '. . 
geopotential perturbation i s  displaced to the north about 0.25 non- 
dimensional units (: 330km for  ~ = 5 0 0 )  and s l ight ly toward the west. 
The northward displacement i s  s ignif icant  since the half width of the 
heat source i s  approximately 500 km. A t  large time the center of 
the $-perturbation moves towards the west and the whole pressrlre 
pattern becomes elongated in the westward direction as suggested i n  
the geopotential x - t  cross section a t  y = 1 . 2  (Figure 6.1). 
The wind and geopotential f ie lds  associated with the forcing 
, 1-v 9 f 
function (6.2) are n o t  symmetrical (Figure 6 .4 )  as an f-plane analysis 
.would indicate. The wind i s  more intense in the southeastern quadrant 
J 
where the cross isobzric flow i s  more prominent. This resul t  seems 
t o  be a consequence of the smaller value of f  equatorward of the 
heat source. Figure 6 .4  has  some resemblance t o  the observed flow in 
* " l  
\ -& !- 6 &i 
the upper levels of a hurricane. However, asymmetries in hurricanes 
.> 8 I i. 
may have a variety of causes (Anthes, 1972). Our resul ts  simply 
F i g u r e  6.4 Two-dimensional g e o p o t e n t i a l  and wind f i e l d s  i n  non- 
d imens iona l  u n i t s  f o r  t h e  s teady mass source g i v e n  
by (6.1 ) w i t h  r,=0.35 and cen te red  a t  y o = l  . 2 .  The 
sca les  on t h e  t o p  and r i g h t  a r e  non-dimensional  and 
t h e  bot tom and l e f t  sca les  a r e  d imens iona l  f o r  
~ 5 0 0 .  
i s o l a t e  asymmetries t h a t  a r e  a t t r i b u t a b l e  only t o  the  dynamical a f f e c t s  
of a va r i ab le  Cor io l i s  parameter. I .- -. .Another specula t ive  aspec t  i s  the  displacement of t he  cen te r  of 
c i r c u l a t i o n  w i t h  respec t  t o  the  cen te r  of the  forc ing  funct ion exhib i ted  
in  Figure 6.4. Results obtained with re = 0.20 (re r 270 km f o r  &=500) 
ind ica t e  bas i ca l ly  the  same f e a t u r e s  b u t  a more in t ense  divergence 
, f i e l d .  This could have been an t i c ipa ted  s ince  both cases ( r e  = 0.35 
jand re = 0.20) imply dis turbances which a r e  smal le r  than the ecua to r i a l  
I 
jRossby radius  of deformation. 
-. 
Another way of explaining the  s i m i l a r i t y  between the  re = 0.35 
4and re < 0.35 cases i s  r e l a t e d  t o  the  p a r t i t i o n  of energy between 
1 1 
iRossby nodes and g rav i ty  modes of t he  fo rc i  ng funct ion (6 .2 )  From 
Par seva l ' s  theorem and the  d e f i n i t i o n  of the  expansion c o e f f i c i e n t  
'4 C ( t )  f o r  the  s t a t i o n a r y  forc ing  (given by 2.90 with K =  0) we k , n , r  
c l e a r l y  see t h a t  
- 
E ( t )  a l l  1 k , n , r  f k , n , r  ( ' - cOsuyk,n,rt)  
k,n,r 
where ( t )  i s  the  t o t a l  energy a t  time t. The term i n  parenthes is  
i n  (6 .5 )  i s  bounded f o r  any t provided ! A ' ~ , ~ , ~  f 0. However, as  LJ k,n,r 
tends t o  zero,  (6 .5)  has the  asymptotic value 
2 8 ,  , 
Then, f o r  t h e  geostrophic modes (k = 0, r = 0 )  t h e  t o t a l  energy i s  
2 proport ional  t o  t and increases  without  bound i n  t he  inv i sc id  case.  
As a consequence, a s  t increases,  more and more energy goes i n t o  Rossby 
Figure 4.1 gives the r a t io  between the energy in Rossby modes and  
the total  i n i t i a l  energy in the geopotential i n i t i a l  condition. 
Figure 4.1 can also be interpreted as the ra t io  of the variance of the 
forcing ( 6 . 2 )  explained by Rossby modes t o  the total  variance. Thus, 
a1 t h o u g h  f i s  small for  Rossby modes for  a be1 1 shaped mass 
k , n , r  
sink/source of small scale,  the energy in Rossby modes can be comparable 
to  the energy in a l l  modes because of the asymptotic value of E ( t )  
given by (6.6). These resul ts  are clearly seen in Figures 6.1-6.3 
where the Rossby mode contribution to  the solution i s  shown. 
Figure 4.1 shows that  the projection of the forcing onto Rossby 
modes, which are more resonant with the steady forcing, does n o t  show 
a radical change as i t  would i f  we were considering a large-scale 
forcing (e.g. re=2.0). As re decreases we expect the divergence f ie ld  
t o  intensify because there i s  a progressively larger projection of the 
forcing onto gravity modes as re decreases (Figure 4.1). Gravity waves 
have more divergence t h a n  vori ic i ty  as shown in Figure 3.20 and as k 
increases the gravity waves become primarily divergent. For t ruly 
localized forcing functions of the type ( 6 . 2 )  the e-folding width of 
the Fourier spectrum i s  large (see 4.4) and therefore we expect a more 
pronounced divergence f ie ld  as the s ize  of the forcing decreas,es, 
assuming a constant maximum forcing. '% 
The example of a forced problem on the equatorial ?-plane shown 
so f a r  has no damping, i . e .  the coefficient K in (2.86) i s  zero. 
For reasonable values of K such t h a t  t he  e-folding decay time i s  between 
7 and 20 days (for  ~ 5 0 0 )  the effect  i s  negligible on a time scale of 
1 day. In order to  i l l u s t r a t e  the e f fec t  of the damping term K on the 
forced stationary motion l e t  us consider the particular form of forcing 
with re = 1.4. Equation (6.7) represents a sequence of mass sources 
. . ti' and sinks a l t e rna t ing  along the Equator. This example has been t rea ted 
by Matsuno w i t h  k = 0.5 and K = 0.2. Figure 6.5a, b ,  c ,  and d show 
. > , 4 '  *'the steady s t a t e  w i n d  and geopotential f i e l d s  f o r  K = 0.01, 0.05, 0.20, 
and 0.40 respectively.  For K = 0.01 (Figure 6.5.a) the  geopotential 
and wind f i e l d  a re  s imi lar  t o  the  n = 1 Rossby wave with k = 0.5 
(Figure 3.12). The maximum pressure deviation i s  away from the Equator, 
' a b o u t  out of phase with the forcing and maximum a t  y z 1 . 2 .  A 
"strong zonal current ,  directed from mass source towards mass s ink,  
develops along the Equator. I t  i s  in te res t ing  t o  note t ha t  the 
maximum pressure response i s  not centered where the forcing i s  maximum. 
!As K increases the maximum pressure response s h i f t s  equatorward b u t  i s  
f 
' ' . 'not i n  phase with the forcing in the zonal d i rect ion.  Even with 
- 
K = 0.40 (Figure 6.5.d) the highest pressure, although located near 
'< " M e  mass source, i s  s l i g h t l y  sh i f t ed  eastward so t h a t  the outflow 
' ' .pegion does not exactly correspond t o  the forcing. This i s  t rue  fo r  
r, 4 
a l l  values of K and i s  most apparent f o r  K = 0.01 (Figure 6 .5 .a ) .  
Thus, w i t h  l i t t l e  damping, the f l u id  flows along the Equator symmetri- 
c a l l y  w i t h  respect  t o  the mass source o r  sink and the  mass accumulates 
on both s ides  of the Equator w i t h  l i t t l e  pressure response a t  the 
maximum forcing. As K increases the s ta t ionary solutfon shows a 
b u i f d ' u p  of mass a t  the Las;'source (removal of mass a t  the mass s ink)  
b u t  the center  of equatorial  outflow (inflow) i s  located eastward (west- 
ward) of the maximum mass source ( s i nk ) .  
( . , .  
( b )  i f  
re v . 3  The s ta t ionary  c i r c u l a t i o n  p a t t e r n  caused by the  a l t e r -  
nat ing  mass source/sink given by (6 .5 )  w i t h  k=0.5 f o r  
8 - 
~ = 0 . 0 1  ( a ) ,  ~=0.05 ( b ) ,  KZ0.20 ( c )  and ~ = 0 . 4 0  ( d ) .  
$ .  tdnly one wavelength o f  t h e  disturbance i s  shown. The 
center  o f  the  mass source i s  ind icated  by @ and the 
! ,  ";"center o f  the  mass sink i s  ind icated  by 0 . 
The s e n s i t i v i t y  o f  t h e  s t a t i o n a r y  s o l u t i o n  t o  t he  steady f o r c i n g  
(6.7)  revea ls  t h a t  t he  i n t e r n a l  response f o r  d i f f e r e n t  values o f  the  
- equ i va len t  debth H,can be d i f f e r e n t  s i nce  t h e  damping c o e f f i c i e n t  K . 'a 
. i s  a  f uncz ion  o f  c  as shown i n  (2.76). Thus, i n t e r n a l  modes o f  smal l  
equ i va len t  depth behave 1  i ke the  v iscous case s ince  the  non-dimensional 
& - - ,  
c o e f f i c i e n t  K t o  [ T I .  
< *  
. I 
' :'6.2 Steady momentum f o r c i n g  - e q u a t o r i a l  $-plane 
. " a , . In. Chapter 5,.we considered the  t ime development o f  a vo r tex  
. . :! . . 
1  i ke i n i  t j a l  c o n d i t i o n  w i t h  no i n i t i a l  pressure pe r tu rba t i on .  Such 
an i n i t i a l  c o n d i t i o n  can be i n t e r p r e t e d  as an impu ls ive  a d d i t i o n  o f  
momentum t o  t h e  f l u i d .  We now cons ider  the  response o f  t he  mass and 
wind f i e l d  t o  a s t a t i o n a r y  momentum f o r c i n g  such t h a t  
I 
f o r  t .? 0 
. , 
f o r  t < 0 
I 
S(x,y,o) r 0 (6 .9 )  
Thus, (6.8) has t he  same s p a t i a l  dependence as t he  impu l s i ve  f o r c i n g  
, !I5 s, -t . J " ,  I . - , . 
-I ?(or- i n i t j a l , ~ c @ q d ~ . e i ~ ] ~ ~ ~ i ~ ~  ~ 6 ~ ~ & , ~ ) ' , ' , h a . ~ e s u 1  t  f o r  re = 0.35, 
I .  
1 ' 4 ; J S + u -  ,;., - i ' .  I ,f'j,: L 
IT y p .  1 . 2  and, ,% = ,O q r e  :shown in .F .buy+ 6 . 6 ~ ~  P l , ~ ,  Bnd d a t  t = 1.3, . ' . :  td,t : " < -  - -I 
2.7, 5<3'. and 8.~0 . r s . ~ e c t i v e l " y .  , In d-imensioqal,,uni t s ,  t h i s  corresponds 
t o  t = 0.5, 1, 2 and 3 days r e s p e c t i v e l y  assuming the  two l e v e l  
L 
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b a r o c l i n i c  model discussed so f a r  ( ~ ~ 5 0 0 ) .  The geopoten t ia l  f i e l d  i n  
F igure  6.6.a i s  sca led by 1000 and the  arrows a re  p r o p o r t i o n a l  t o  the  
wind speed as i nd i ca ted .  
The qua1 i t a t i v e  c h a r a c t e r i s t i c s  of s t a t i o n a r y  vo r tex  f o r c i n g  a re  
s i m i l a r  t o  the  impu ls ive  f o r c i n g  (Figcire 5.8) s ince  t h e  low frequency 
Rossby modes descr ibe 95% o f  t h e  i n i t i a l  c o n d i t i o n  shown i n  F igu re  5.8:a. 
The b u i l d  up of the  h igh  pressure cen te r  i n  the  NE quadrant i s  a l s o  
observed. As discussed i n  Chapter 5, can i n t e r p r e t  the  geopoten t ia l  
and wind f i e l d s  i n  F igu re  6.6 as r e p r ? s c n t a t i v e  o f  t h e  750 mb l e v e l  
o f  t h e  two- leve l  b a r o c l i n i c  model. 1t.1 t h i s  case the  steady momentum 
I 
f o r c i n g  can be i n t e r p r e t e d  as a  steady torque app l i ed  t o  t he  lower  
l a y e r  i n  t he  c y c l o n i c  d i r e c t i o n  and an oppos i te  torque i n  t he  upper 
l aye r .  As a r e s u l t ,  a n t i c y c l o n i c  shear i s  be ing s t e a d i l y  f o r ced  and 
subsidence i s  r equ i red  i n  o rder  t o  s s c i s f y  thermal balance. 
The d i f f e r e n c e  between the  stetqiiy f o r c i n g  and t h e  impu l s i ve  f o r c i n g  
1 ,  
i s  p r i m a r i l y  q u a n t i t a t i v e .  I n  t h e  i:i lpul s i v e  case, subsidence occurs 
i n i t i a l l y  and as t ime increases t h e  , $ - f i e l d  goes up i n  the  cen te r  o f  
the  vo r tex  as shown i n  F igu re  5.8. In t he  steady f o r c i n g  case the  
$ - f i e l d  cont inues t o  decrease up t t i  t. = 8 ( 3  days f o r  ~ = 5 0 0 ) .  I n  t he  
impu ls ive  cas t he  i n i t i a l  energy i s  be ing s l o w l y  d ispersed by t he  t 
Rossby modes and i n  steady f o r c i n q  i ases  t h e r e  i s  an energy source t o  
rep lace  the  energy t h a t  i s  c o n t i  ,:1io:1 ; I  y dispersed. 
6.3 Steady mass source/s ink - sphere (L- lO)  
I n  t h i s  s e c t i o n  we cons ider  t h ~  steady f o r c i n g  problem on t h e  
sphere w i t h  €=lo.  This  s e c t i o n  co:rplements some o f  t h e  r e s u l t s  obta ined 
on the  e q u a t o r i a l  B-plane w i t h  an .;xt,,nsion t o  t he  ex te rna l  mode. 
I 
Emphasis i s  placed on the steady s t a t e  response of the model assuming 
that  the damping coefficient K in (2.74) gives an e-folding decay time 
of 10 days for  the external mode. 
The forcing function has the functional form given by (6.1 ) and 
(6.2) with the appropriate correction for  the convergence of meridians. 
In order t o  obtain the steady s t a t e  solution t o  the stationary forcing 
with damping terms the expansion coefficient c i s  given by (2.90). 
k,n,r 
Let us consider now an experiment in which a mass source a n d  mass 
sink of the same intensity are p u t  a t  the same lat i tude b u t  separated 
in longitude by ho  degrees. Figures 6.7 and 6.8 show the steady s t a t e  
solution for the mass source/sink system centered a t  ' 7  = 20' and 
7; = 60" respectively and half width re  = 1250 km. The valoe of A. i s  
90" and symmetry about the Equator i s  imposed by considering only 
symmetrical modes in the ser ies  solution. Also indicated in Figures 
6.7 and 6.8 i s  the location of maximum forcing intensity and the 
e-folding radius. 
In both Figures 6.7 and 6.8 the maximum geopotential response i s  
west-northwest of the maximum forcing, with the low and  high centers 
in the neighborhood of the e-folding range of the forcing function. 
The tendency for  the circulation center and the high or low pressure 
to  be displaced with respect t o  the forcing was also observed in the 
transient solution on the cquatoridl B-plane. Experiments with forcing 
functions with e-folding width muck larger than the local Rossby radius 
of deformation (not shown) indicate t h a t  the forcing and the pressure 
response tend to  coincide in space as t h ?  dimension of forcing increases. 
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F i g u r e  6.7 S t a t i o n a r y  c i r c u l a t i o n  p a t t e r n  on t h e  sphere ( ~ = 1 0  ) ,  caused by t he  
mass source /s ink  system g iven  b (6.1) separated by 90° o f  l o n g i t u d e  
w i t h  res1250km and centered a t$=  f20°. L a t i t u d e  and l o n g i t u d e  o f  
maximum f o r c i n g  a r e  i n d i c a t e d  b y @ (  source ) and 8 (  s i n k  ) .  The 
qeopo ten t i a l  and w i n d  f i e l d s  a re  non-d in~ensional  . 

A1 though the mass source/si n k  system i s  addinglremovi ng mass a t  
the same ra te  in the experiments shown in Figures 6.7 and 6.8, the low 
pressure for  the system centered a t  60" (Figure 6.8) i s  approximately 
s ix times more intense than the system a t  20" (Figure 6.7). However, 
the steady s t a t e  maximum wind speed i s  only twice as intense in the 
higher la t i tude system. These resul ts  are a consequence of geostrophy 
since Rossby modes are more resonant to  the forcing than gravity modes. 
Another interesting feature observed in Figures 6.7 and 6.8 i s  
related to  the relat ive intensity of the h i g h  and low pressure centers. 
Although the only difference between the mass source and sink regions 
i s  the sign of the forcing function, the low pressure to  the east  i s  
more intense than the h i g h  pressure. For po = 20" (Fig. 6 .7)  and 
0 
= 60" (Fig. 6.8) the r a t io  between the low and the high i n  absolute 
value i s  approximately 2. Thus, low pressure generated in response 
to the mass sink i s  approximately twice as intense as the h i ~ h  pressure 
associated with the mass source. 
The high pressure region in Figure 6.7 and 6.8, besides being less 
intense than the low pressure, i s  stretched in the zonal direction and  
covers most of the la t i tude band, the circulation being well defined 
only around the low pressure region. Had we reversed the re la t ive  
position of the mass source and sink regions the resul ts  in Figure 6 .7  
and 6.8 would s t i l l  be valid (because of l inear i ty)  provided we change 
the sign of thc pressure f i e ld  and reverse the direction of the wind. 
In th is  case the circulation about the high pressure area would be well 
defined and the wind f ie ld  associated with the low pressure would be 
stretched in the zonal direction. 
Increasing the distance between the mass source and  sink makes the 
' pressuresystemsmoresymmetrical in theeast-west direction. However, 
decreasing the distance intensif ies  the relat ive difference in intensity 
up  to  a certain distance where the source and sink areas overlap 
significantly.  For a separation distance of a b o u t  40" the east-west 
asymmetry in the pressure response reaches a maximum and the r a t io  
between the absolute value of the high pressure to the l o w  pressure i s  
approximately 2 . 6  to  1 .  I 
The conclusion i s  that  for  a mass source/sink a t  the same lat i tude 
and with the same strength, the system t o  the east  i s  more intense and 
the circulation well defined. The east-west mass source/sink problem 
can be physically interpreted as a highly simplified view o f  the 
Walker circulation between the eastern and western oce3ns. I n  the 
western oceans, the h i g h  sea temperature favors convection and  mass 
i s  pumped up  in the troposphere. On the eastern side of the ocean, the 
low sea temperature inhi bi ts  deep convection and radiative cool i ng 
requires subsidence warming to maintain the energy balance. If we 
assume that  the mass t h a t  goes u p  in the convective region i s  forced 
to  sink in the eastern region, the hypothetical experiment discussed in 
- th i s  section can be viewed as a gross projection of the Walker circula- 
tion forcing onto the barotropic modes. However, in th i s  case the 
relat ive position of the mass source/sink areas in Figure 6 . 7  ( ;=Zoo)  
would have t o  be reversed since the mass sink i s  associated with the 
convective region. I 
We do not claim tha t  the s ize and la t i tude of the forcing term 
i n  Figure 6 . 7  quantitatively agrees with the observed regions of active 
convection and subsidence. The model equations are too simp1 i f ied  to 
get more than qua1 i t a t ive  agreement with observations. Nevertheless, 
Figure 6.7 suggests a rather well defined high pressure cell  t o  the 
NW of the positive forcing; the low pressure area i s  not so well defined 
in terms of circulation and intensity.  These features of the steady 
s t a t e  response have some similar i ty  with the observed features of the 
east-west circulation in the atmosphere such as the positioning of a 
strong subtropical high and a not well-defined low pressure area in 
the western sector of the oceans. 
6.4 Summary and discussion 
The objective of th is  chapter i s  to  study the response of the mass 
and wind f ie lds  to  steady forcing. In section 2.4 we derived the 
expression for  the expansion coefficient of the solution when the 
system is subjected to  a time independent forcing or a l ternat ively,  a 
zero frequency forcing. Equation (2.86) shows that  low frequency 
modes (Rossby modes) will have large amplitudes while the high frequency 
modes (gravity modes) are suppressed i f  the amount of energy projected 
onto each mode i s  the same. In particular,  the k = 0 geostrophic mode 
I 
i s  resonant to  the zero frequency forcing if  K = 0 and linear growth 
i s  expected- according to  (2.91 ). Thus, i f  the forcing i s  such tha t  
i t  i s  projected mostly onto long waves we expect a large zonal geo- 
strophic component to  be observed in the form of a zonally stretched 
current as time increases. 
In section 3.1 we have shown an examplc of the transient solution 
on the equatorial 6-plane for  a bell shaped mass source centered a t  
Yo = 1.2 and half-width re = 0.35. This experiment can be interpreted 
as heating in the two-level baroclinic model discussed in section 2.1, 
and in  t h i s  case the perturbation i s  centered a t  approximately 14" ?! 
1 ,  
and the half-width i s  approximately 470 km. In Chapter 4 we considered 
the impulsive forcing case w i t h  the  same parameters yo and re. As 
expected, f o r  a steady forcing the Rossby mode contribution t o  the 
t o t a l  solution i s  much more important than in the case studied in 
Chapter 4, as  can be seen comparing the x - t  cross sect ions  shown in 
Figure 6.1-6.2 w i t h  Figures 4.2-4.3. In the forced case however, the 
divergence f i e l d  (Figure 6 . 3 )  i s  maintained by the gravity  odes since 
the Rossby modes a r e  primarily ro ta t ional  (Figure 3.20).  The divergence 
f i e l d  reaches a quasi-steady s t a t e  a f t e r  about 1 non-dimensional unit 
(9 hours fo r  ~ = 5 0 0 ) .  A perfect  s t a t e  divergence cannot be reached 
on the equatorial  f3-plane with no damping ( K = O )  s ince energy i s  traoped 
within the c r i t i c a l  l a t i tudes  (Stern,  1963; Bretherton, 1964; Matsuno, 
1966). Furthermore, we a re  considering periodic dor;:ai ris in the  
, . 
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x-direction and therefore  energy i s  not allowed t o  disperse t o  i n f i n i t y  
. , in any di rect ion.  1 ,  I 
The two dimensional f i e l d  of the above experiment i s  Figure 6 . 4  
a t  t = 2.7 ( = I  day f o r  ~ = 5 0 0 ) .  The asymmetry in the two-dimensional 
s t ruc tu re  of the geopotential and wind f i e l d s  i s  due t o  the $-effect  
s ince the forcing i s  perfect ly  symmetrical. Of course asymmetries i r  
hurricanes can be due t o  a var ie ty  of causes such as dynamical ins ta -  
b i l i t y  (Anthes, 1972) and the environment i n  which the  storm i s  
embedded (Frank, 1976; McBride, 1979). I K  Figure 6.4 the  P e f f e c t  
i s  i sola ted fo r  a forcing in the mass f i e l d .  Along t h i s  same l i n e  we 
have shown i n  sect ion 6 .2  t ha t  a steady momenturn forcing such t h a t  a 
vortex i s  continuously forced a l so  generates asymmetries in t he  mass 
and wind f i e l d s  on a shor t  time scale .  The r e su l t s  obtained with the 
steady vo r tex  a re  s i m i l a r  i n  many regards t o  t he  impu ls ive  f o r c i n g  
discussed i n  Chapter 5, e.g. t h e  subsidence i n  t he  cen te r  o f  t he  vo r tex  
and the  up mot ion i n  t he  NE quadrant. The dynamical ly  induced up mot ion 
i s  f avo rab le  f o r  enhancing convec t ion  and t h i s  i s  another  example o f  
t r o p i c a l  storm asymmetry induced by t h e  6 - e f f e c t .  
The e f f e c t  o f  f r i c t i o n  on t he  f o r ced  s t a t i o n a r y  mot ion i s  
discussed i n  s e c t i o n  6.1 f o r  mass sources and s i nks  a l t e r n a t i n g  a long 
the Equator. Th is  problem was t r e a t e d  by Matsuno (1966) f o r  K = 0.20. 
I n  t he  equa to r i a l  r eg ion  t he  geopoten t ia l  d i s t r i b u t i o n  tends t o  i gno re  
the  mass source when k i s  smal l  b u t  f o r  h i g h  values o f  k  t he  pressure 
f i e l d  tends t o  be i d e n t i f i e d  w i t h  t h e  mass source. A t  h i ghe r  l a t i t u d e s  
the  f l o w  i s  i n  approximate geost rophic  balance w i t h  t h e  pressure f i e l d  
bu t  i n  t h e  equa to r i a l  r e g i o n  the  f l u i d  f l ows  from mass source t o  mass 
s i n k  forming a s t rong  j e t  centered a t  the  Equator. 
I n  sec t i on  6.3 a re  some examples o f  t he  f o r ced  s t a t i o n a r y  mot ion 
on the sphere f o r  t he  ex te rna l  mode ( & = l o ) .  Ins tead  o f  t he  s i n g l e  
wave s t r u c t u r e  discussed i n  s e c t i o n  6.1, we now consider  one mass s i n k  
and one mass source a t  t he  same l a t i t u d e .  The l a t i t u d e  dependence and 
i 
r e l a t i v e  p o s i t i o n  o f  t h e  mass source/sink system i s  considered. For 
the  same mass-source/sink i n t e n s i t y ,  t h e  h ighe r  the  l a t i t u d e  t h e  
s t ronge r  i s  t h e  pressure response. I f  a mass source i s  p o s i t i o n e d  t o  
t he  eas t  o f  a  mass s i n k  t h e  h igh  pressure associated w i t h  t h e  source i s  
more i n tense  than the  low pressure which i s  t he  response t o  t he  ~!iass 
I 
s ink .  For a  mass source/s ink w i t h  e - f o l d i n g  w id th  sma l l e r  than  the  
l o c a l  Rossby rad ius  o f  deformat ion the  pressure f i e l d  does n o t  correspond 
e x a c t l y  t o  t he  impressed source/sink; the  h igh / low i s  l o c a l i z e d  t o  t h e  
I' 
west o f  the source/sink. Since the dynamical response to a steady 
forcing i s  more resonant to low frequency modes (Rossby modes), the 
result ing f ie lds  are closer to geostrophic balance. 
7 .0  SUMMARY A N D  DISCUSSION 
1, 
In the standard treatment of the process of geostrophic adjustment 
the shallow water equations are formulated on an f-plane. Thus, the 
problem i s  solved on a f l a t  unbounded earth and the motion indeed tends 
t o  perfect geostrophic balance as t + a .  This i s  because the g rav i ty ,  
waves excited by local sources spread out very rapidly to  inf in i ty  
leaving behind the steady s t a t e  geostrophic solution. 
The real earth,  a1 though l a t e ra l ly  unbounded, i s  f i n i t e .  We have 
n o t  only the curvature effects  of the spherical geometry b u t  also the 
dynamical effect  caused the variation of the Coriolis parameter with 
1 a t i  tude. Besides the steady geostrophic solution (zonal current in 
th is  case) we a1 so have another type of low frequency motion represented 
by Rossby weves, which are quasi-geostrophic. Because of the variation 
of the Coriol i s  parameter gravity waves are refracted and form envelopes 
on which the wave amplitude i s  large (Blandford, 1966; Jacobs, 1967). 
Another dynamical effect  of the variation of f i s  t o  allow for waves 
with appreciable magnitude only in neighborhood of the Equa to r ,  a 
phenomenon cal led equatorial trapping and discussed by Stern (1  963), 
Bretherton (1  964) and Longuet-Higgins (1 965). 
The existence of a class of waves of low frequency and small group 
velocity over a wide range of zonal wavenumbers suggests that  the 
concept of geostrophic adjustment can be somewhat generalized; the type 
of motion characterized by the Rossby modes can be regarded as the 
adjusted s ta te .  Thus, our objective i s  t o  follow the development of 
an i n i t i a l  condition until the slow dispersive qotion characterized 
by the Rossby modes dominates. 
The adjustment time on the B-plane, i.e. the time required to ob- 
serve the Rossby modes contribution to the solution,is determined, by 
the dimensions of the initial perturbation and the group velocity of 
gravity waves (as in 4.9). Thus, if most of the initial condition 
is concentrated in long waves, the adjusted state is well-defined 
only if the energy in Rossby modes is much greater than the energy 
in gravity modes, since long gravity waves are also slowly'dispersive 
(Figure 3.6). The concept of adjusted state is therefore not only 
dependent on the partition of energy between quasi-geostrophic modes 
and gravity modes but also on the spectral distribution of energy. 
Let us consider now the motivation for studying the character- 
istics of the free wave solutions of the snallow water equations on 
the B-plane. As is usual for differential equations w i t h  time inde- 
pendent coefficients, we solve the problem by the method of normal 
modes or eigenfunction expansion (Butkov, 1968). If the initial con- 
dition can be represented as a superposition of normal modes, the 
solution of the problem is the same superposition where each mode 
evolves in time at its characteristic frequency. The method of solu- 
tion for the more general case when friction and external forcing is 
included is discussed in section 2.4. The dispersive characteristics 
of the free waves are displayed in Figure 3.6 where the group velocity 
as a function of zonal wavenumber and meridional index for the various 
types of waves is shown. 
! ~2 'a; ' ' 
7.1 Significance of single equivalent depth analysis 
In section 2.1 we have shown that the perturbation equation for a 
basic state of no motion for a stratified atmosphere can be separated 
into the horizontal structure equations and the vertical  structure 
equation; the separation constant i s  the so-called equivalent depth.H 
(Taylor, 1936). The horizontal structure equations are the so-called 
shallow water equations and H i s  the depth of the homogeneous ocean. 
For slimplified mode atmospheres which include some so r t  of rigid 
tops (w= 0 a t  p = 0 i s  included in th i s  category), the vertical  struc- 
ture equation provides the equivalent depth H as an eigenvdlue; 
furthermore, the boundary value problem posed by the vertical  struc- 
ture equation and the boundary conditions give us a complete s e t  of 
eigenfunctions. Thus, we can make use of expansion theorems and 
expand the three-dimensional solution in a ser ies  of the eigenfunc- 
tions. This i s  the method used by Bolin (1953) t o  solve the classical 
geostrophic-adjustment problem in a s t r a t i f i ed  f lu id .  We should also 
be aware that  the completeness of the eigenfunctions in $he vertical  
also allow! us to  study the transient solution of a forced problem 
since the vertical structure of the forcing can also be projected 
onto the eigenfunctions of the vertical  structure equation. Liyhthill 
(1969) discusses the ocean case where the external forcing i s  the wind 
s t r e s s ,  which can be projected onto the vertical  modes. 
~ o d e l s '  with a discrete number of layers in the vertical  and with 
some sor t  of r i g i d  top also belong t o  t h i s  category;i .e. ,  we can find 
the normal modes of the governing equations and expand the solution as 
d ser ies .  The 2-level baroclinic model discussed in section 2.1 i s  
an example. Geisler (1970) discusses the response of a two-layer ocean 
. Il 
t o  a moving1 hurricane and points out the different  time scales of the 
barotropic and baroclinic responses (see the definit ibn of [TI  in 
section 2.3) . 
L? ~ Internal modes (small equivalent depth) are adjusted rather 
slowly since the maximum group velocity a1 lowed in the system (c  = J;J?T-) 
i s  co~siderably reduced re1 ative to  the barotropic mode (external mode). 
In the forced problem, where the forcing i s  time dependent, we clearly 
see that  the transient response i s  strongly dependent on the frequency 
of the forcing (see (2.86)) since the closer the forcing frequency i s  
t o  one of the natural freq2encies the larger i s  the response. 
We should notice that  in some cases the eigenvalues of the ver- 
t ica l  structure equation are part discrete and part  continuous as 
shown by Jacobs (1967). The discrete part in th is  case i s  the baro- 
tropic divergent mode with Lamb's parameter E %  1 C  in an isothermal 
atmosphere. The continyous modes are a consequence of the upper 
boundary condition; with the radiation condition on the t o p  of the 
model only the discrete mode i s  allowed (Lindzen, 1967). Thus, i t  
seems t h a t  the existence of a complete se t  of normal modes in the 
i vertical can be questioned. When the volume of the luid i s  inf in i te  
i t  may be possible that  energy i s  radiated to  inf in i ty  b u t  i t  $ s  alsc 
possible that  energy i s  reflected by particular profiles of the ver- 
t ica l  shear of the wind (El iassen and Palm, 1960). In such cases, 
the rigid top assumption can be jus t i f ied  and the existence of a 
complete se t  of eigenfunctions in the vertical i s  jus t i f iab le .  
Eckart ( 1960) suggests that  the eigensolutions in the unbounded 
case can be identified by a single continuously variable parameter as 
can the eigenfrequencies. Thus, when the f luid i s  unbounded the 
expansion theorems become analogous to the Fourier i ntegrgl expansion. 
I _. 
However, there has been l i t t l e  just i f icat ion for  considering such a n  
expansion in meteorology and appl ication o f  more elaborate mathematical 
technique; t o  i n i t i a l  value problems i s  lacking. 
Our s i n g l e  equ i va len t  depth ana l ys i s  o f  t h e  adjustment problem 
can be j u s t i f i e d  i n  a  s t r a t i f i e d  f l u i d  w i t h  some s o r t  o f  r i g i d  t op  O r  
i n  terms o f  the  two- level  b a r o c l i n i c  model discussed i n  sec t i on  2.1 . 
I n t e r p r e t a t i o n  o f  t he  r e s u l t s  i n  terms o f  t he  ex te rna l  mode a l s o  seems 
j u s t i f i a b l e  i n  t he  case o f  the  unbounded atmosphere. However, we are  
cons ider ing  the  p r o j e c t i o n  o f  an i n i t i a l  c o n d i t i o n  w i t h  v e r t i c a l  s t r u c -  
t u r e  on one p a r t i c u l a r  equ i va len t  depth. Thys, we a re  imp ly ing  t h a t  
our  r e s u l t s  a re  s i g n i f i c a n t  f o r  i n i t i a l  cond i t i ons  t h a t  a re  p ro jec ted  
most ly  onto some p a r t i c u l a r  va lue o f  H. 
I 
7.2 S ign i f i cance  o f  t he  r e s u l t s  
I n  Chapter 4, we considered the  problem of the  adjustment o f  an 
i n i t i a l  c o n d i t i o n  s o l e l y  i n  the  geopoten t ia l  f i e l d .  The opposi te  case 
i n  which the  i n i t i a l  c o n d i t i o n  i s  t he  wind f i e l d  was t r e a t e d  i n  
Chapter 5. The i n i t i a l  c o n d i t i o n  i n  the  wind f i e l d  i s  assumed t o  be 
I 
a  vor tex  w i t h  no divergence. The r e s u l t s  o f  t he  experiments a re  
summarized and discussed i n  sec t i on  4.5 and 5.5, r espec t i ve l y .  
For bo th  types of i n i t i a l  c o n d i t i o n  we have seen t h a t  knowledge 
o f  t h e  d i s p e r s i v e  c h a r a c t e r i s t i c s  of t h e  f r e e  modes ( s e c t i o n  3.1 ) , the  
p a r t i t i o n  of k i n e t i c  and p o t e n t i a l  energy and the  two-dimensional 
s t r u c t u r e  bf t he  waves ( s x t i o n  3.2) a l lowed us t o  e x p l a i n  and p r e d i c t  
the  c h a r a c t e r i s t i c s  o f  t h e  s o l u t i o n .  T h i s  demonstrates the  importance 
of knowing the  bas is  f unc t i ons  i n  an i n i t i a l  va lue problem solved by 
the  method o f  e igenfunc t ion  expansion. A1 though the  examples t r e a t e d  
i n  Chapter 4  and 5 a re  o f  a  pa ia t i cu la r  form, t he  technique t h a t  we 
used t o  exp la in  the  r e s u l t s  i s  a p p l i c a b l e  t o  more general cases such as 
elongated i n i t i a l  cond i t ions  i n  t he  zonal o r  mer id iona l  d i r e c t i o n ;  i n  
such cases we only have t o  estimate the  spectral  d i s t r ibu t ion  in the 
zonal and meridional d i rect ion which can be ea s i l y  evaluated by know- 
ledge of the s t ruc tu re  of f r e e  modes. 
The two examples t h a t  we have chosen in Chapter 4 and 5 ,  an 
i n i t i a l  condition in the mass f i e l d  and a vortex-l ike i n i t i a l  condit ion,  
respect ively ,  have in te res t ing  consequences fo r  tropical  dynamics. 
Let us in te rpre t  the i n i t i a l  condition i n  terms of the two-level baro- 
c l i n i c  model w i t h  phase speed of internal  gravity waJes on the order 
of 40 ms-l (E = 500). The r e su l t s  in Chapter 4 imply tha t  only about 
10% of the i n p u t  heating i s  not dispersed by gravity modesas shown 
in the  example in Figure 4 .5 .  Thus, heating the atmosphere impulsively 
on a sca le  l e s s  than the equatorial Rossby radius of deformation 
(% 1300 km f o r  E = 500) does not produce a large  1 oca1 temperature 
change. The adjustment time ( 4 . 9 )  f o r  a small heating perturbation 
i s  ce r ta in ly  f a s t  because the energy i s  spread over a bread band of 
zonal wavenumbers and the group veloci ty  of the gravity wave packet 
i.s l a rge  (Figure 3 .6 ) .  In section 6.1 we have considered a steady 
I ' I 
heating case and Figure 6.4  allowed us t o  est imate a temperature 
change of about 1' C day-' f o r  a steady heat source of 8" C day-' 
and of the same shape and s ize  of the  impulsive case. Thus, i t  i: 
c l e a r  t h a t  any small sca le  heating in the t ropical  atmosphere i s  
going t o  cause a small local temperature tendency. This i s  ce r ta in ly  
I '  
a possible explanation fo r  the f a c t  t h a t  local temperature changes 
in the  t ropics  are  small and l i t t l e  temperature gradients a re  observed 
between convectively act ive  regions and c lea r  regions (Reed and Recker, 
1971; Yanai e t  a l . ,  1973; Gray, 1973). 
The situation for  an i n i t i a l  condition in the rotational p a r t  of 
the wind f ie ld  i s  to ta l ly  different .  Altering the vort ic i ty  of t h e .  
momentum f ie ld  on a small scale i s  a very ef f ic ien t  way to maintain 
the inputenergy. This i s  because most of the in i t i a l  energy goes into 
Rossby modes which are slowly dispersive. Figure 3.20 shows the r a t io  
of maximum vort ic i ty  t o  maximum divergence fo r  the various types of 
f ree waves of the shallow water equations. We clearly see ' t ha t  the 
maximum vort ic i ty  i s  a t  l eas t  one order of magnitude larger than the 
divergence for  Rossby modes and  therefore any in i t i a l  condition which 
i 
i s  rotational v ~ i l l  primarily be represented by Rossby modes. 
In view of the above, we feel tempted to  interpret  our resul ts  in 
terms of the efficiency of clouds in al ter ing the geopotential and 
wind f ie lds .  The clouds seem to  be ineff ic ient  in provoking tempera- 
ture changes t h r o u g h  heating, since most of the input energy i s  dis-  
persed by gravity waves, provided we are dealing with disturbances 
less  than the equatorial Rossby radius of deformation (Figure 4.1) . 
However, i f  the clouds do indeed affect  the rotational part of the 
momentum f ie ld  we have found long lasting effects  in the momentum 
and geopotential f ie lds .  In Chapter 5 and 6 we interpreted the vortex 
experiment 'in the two-layer barocl inic model as a hypothesized anti  - 
cyclonic shear induced by the generation of momentum by clouds. The 
resul ts  show t h a t  most of the i n i t i a l  energy stays in kinetic form 
and subsidence i s  induced in the center of the vortex, thus warming 
the atmosphere. 
In summary, clouds can change the temperature f i e ld  and the momen- 
t u m  f ie ld .  The adjustment problem indicates that  a l ter ing the temper- 
ature f ie ld  i s  very ineff ic ient  since most of the- input  energy i s  
I 
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dispersed, assuming a small perturbation compared to  the equatorial 
Rossby radius of deformation. On the other hand, i f  clouds affect  
the rotational part cf the w i n d  on the same scale ,  the energy i s  
slowly dispersed. However, we do n o t  know the detailed physics of 
the momentum interaction of clouds with the environment. Thus, we 
cannot yet ascribe more importance to one mechanism or the other w i t h  
absolute confidence. The resul ts  are therefore speculative, although 
observations indicate t h a t  the cloud effect  on the momentum f ie ld  
! 
might be important for  hurricane development (McBride, 1979). 
Besides the different interpretations of the concept of an ad-  
justed s t a t e  on the f-plane and B-plane we should point o u t  the 
important differences found i n  our resu l t s .  The adjusted s t a t e  on 
the f-plane i s  symmetrical i f  the i n i t i a l  condition i s  symmetrical; 
on the 6-plane th i s  i s  not true since the dispersive characteristics 
of the waves are not symmetrical in the east-west direction. Since 
I ' j  
f increases with latitude,westward propagating Rossby waves are a l -  
lowed and the absolute vaiue of the group velocities of the westward 
and eastward gravity waves are not exactly the same. However, more 
important are the pecul i a r  dispersive character is t ics  of Rossby waves ; 
long waves disperse the energy towarsds the west and short waves 
: I 
towards the east .  These resul ts  can be seen i n  Chapters 4 ,  5 and 6.  
In particular,  we notice the elongated patterns to the west and 
relat ively intense pressure centers developing in the eastern sector 
I 
in both the geopotential and vortex i n i t i a l  condition kxperiments. 
This process occurs on a suff ic ient ly  short time scale t o  be of sig- 
nificance since i t  may interact with convection. 
I n  Chapters 4, 5 and 6 we have a l s o  presented r e s u l t s  o f  t he  
i n i t i a l  value problem solved on t h e  sphere f o r  t he  ba ro t rop i c  mode., 
However, the  r e s u l t s  are q u a l i t a t i v e l y  s i m i l a r  t o  t he  equa to r i a l  B- 
p lane i n t e r p r e t e d  w i t h  t he  appropr ia te  t ime and l eng th  scales o f  t h e  
ex te rna l  mode ( c  2 300 ms" ) . O f  course, t h e  qua1 i t a t i v e  agreement 
i s  dependent on the  t ime and l e n g t h  scales o f  t h e  i n i t i a l  d is turbance 
o r  f o r c i n g  and the  l a t i t u d e  o f  the  d is turbance.  
7.3 Recommendations f o r  f u t u r e  work 
We have t r e a t e d  the  problem o f  the  adjustment o f  the  mass and 
wind f i e l d s  based on the  dynamics descr ibed by the  l i n e a r i z e d  shal low 
water equat ions about a basic  s t a t e  of r e s t .  There are  two funda- 
mental 1 i m i t a t i o n s  o f  such a system o f  equat ions as f a r  as the  r e a l  
atmosphere i s  concerned. The f i r s t  has t o  do w i t h  t he  s i n g l e  equiva- 
l e n t  depth ana l ys i s  and the  second i s  r e l a t e d  t o  the  assumption o f  
a motion1 ess basic  s ta te .  
I t  i s  c l e a r  t h a t  s t r a t i f i c a t i o n  and a basic  s t a t e  w i t h  h o r i z o n t a l  
and v e r t i c a l  shear may produce even more i n t e r e s t i n g  r e s u l t s .  How- 
ever, t h e  s o l u t i o n  o f  t he  problem i n  such a general s i t u a t i o n  i s  o n l y  
poss ib le  i n  numerical techniques and then we have t o  deal w i t h  t h e  
d i s t o r t i o n  o f  t h e  process o f  adjustment by t h e  d i s c r e t i z a t i o n  
(Arakawa and Lamb, 1977). A n a l y t i c a l  s o l u t i o n s  can be obta ined i n  
s i m p l i f i e d  systems such as an atmosphere w i t h  simple s t r a t i f i c a t i o n  
and no bas ic  s t a t e  wind as discussed i n  sec t i on  7.1. I n  the  Sov ie t  
R u s s i a ~  1 i t e r a t u r e ,  we can a l so  f i n d  some examples o f  t he  problem o f  
adjustment i n  s t r a t i f i e d  atmospheres (e.g., K ibe l  , 1963). Dick inson 
(1969a) a l s o  descr ibes the  process o f  adjustment by a p o i n t  source 
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in a simplified hydrostatic mode. However, there has been l i t t l e  work 
doen on the interpretation of theoretical resul ts  in 1 ight of observa- 
tions and this  can be l e f t  as a suggestion for  future work. 
The introduction of a basic s t a t e  with meridional shear i n  the 
linearized shallow water equations could be expected to cause changes 
in the resul ts  presented here. Blumen and Washington (1969) studied 
the effect  of a basic horizontal shear fiow on the l inear geostrophic 
adjustment process in an unbounded barotropic f luid.  The motion was 
assumed to be independent of x and only the adjusted s t a t e  was con- 
sidered. The main conclusion i s  that  the process of energy parti  tion 
between geostrophic and ageostrophic motions i s  strongly influenced 
by the presence of the horizontal shear. This effect  increases as 
the horizontal shear increases. Schubert and Hack (1 979) consider 
the parti t ion of energy between geostrophic and ageostrophic motion 
in an axisymmetric vortex as a function of the Froude number F=U/c, 
where U denotes the characteristic tangential wind speed. Their 
results indicate that  there i s  an increase in the amount o f  energy 
in geostrophic motion for small scale @-perturbations and  a decrease 
for small scale vortex perturbations as the Froude number increases. 
However, for reasonable values of the Froude number, the parti t ion does 
not d i f fe r  qualitatively from that  for  the motionless basic s t a t e .  
On the B-plane, the non-linear shallow water equations can be 
linearized about a basic s td te  w i t h  meridional shear. The governing 
equations can be p u t  i n  vector form as in section 2 .2  w i t h  the basic 
s t a t e  dependent terms on the right hand side and the method of solu- 
tion i s  a Galerkin procedure as in Kasahara (1977). The natural 
choice for  basis functions are the eigenfunctions corresponding to  
the f ree  wave solutions of the shallow water equations discussed i n  
section 2.3. The reason for  th i s  choice of basis functions i s  that  . 
the partial  different ial  equations of the sheared case are greatly 
simplified t o  a  s e t  of coupled ordinary different ial  equations of 
simple form t h a t  can be solved analytically.  
As a by-product of the Galerkin method of solution, we get the 
effects of meridional shear on Kelvin, Rossby, mixed Rossby gravity 
and gravity waves. Such studies have been a1 ready pub1 ished by 
Simmons (1978) and Boyd (1978a, 1978b). Dikiy and Katayev (1971 ) 
have computed the planetary wave spectrum of the two-dimensional 
vort ic i ty  equation by the Galerkin method. I t  i s  shown that  i f  the 
oscil lations are superimposed on a  zonal fiow different  from solid 
rotation, then of the whole in f in i t e  spectrum of Rossby waves there 
remains only a  f i n i t e  number of discrete modes whose angular phase 
velocities are less  than the minimum velocity in the zonal flow. The 
rest  merge into a  continuous spectrum that  covers the interval between 
the minimum and maximum velocities.  The discrete modes correspond 
t o  the longer Rossby waves deformed by the zonal flow. In f a c t ,  for 
those modes with phase speed between the minimum and maximum velocity 
of the basic s t a t e  there are c r i t i ca l  la t i tudes and we might question 
the validity of the method of solution since there are s ingular i t ies  
in the solution (Dickinson, 1969). In order to  obtain convergence 
in the Galerkin method, we have to  introduce dissipation and some of 
the resul ts  seem to be particularly sensit ive to  the singular l ine  
effects.  
The process of adjustment of the mass and wind f i e lds  in the 
presence of horizontal shear i s  currently being studied by the author. 
And f i n a l l y ,  i t  should be emphasized t h a t  there  i s  a  need f o r  more 
work on the in teract ion of clouds with the large-scale environment, 
pa r t i cu la r ly  the momentum in te rac t ion .  
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APPENDIX A 
The Hermite polynomials satisfy the usual set of formulas associ- 
ated with Sturm-Liouville problems (Butkov, 1968) such as the ortho- 
gonal i ty over the interval ( -  m ,+ u: ) with respect to the weight functiqn 
The normalization constant for Hermite polynomials is 
The lowest order Hermite polynomial is 
Ho(Y) = 1 ! 
and the recursion formula is 
2y H,(Y) = 2n Hn-l(~) + Hnt1(Y) . 
The differentiation formula for Hermi te polynomials is 
dHn (Y - 
dy 
- 2n Hn-,(y) for n ~ l  
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The problem of the adjustment of the mass and wind f ie lds  in a divergent barotropic 
model i s  solved on the equatorial 6-plane. Contrary to  the traditional f-plane analy- 
s i s ,  the motion does n o t  tend to a perfect geostrophic balance on a short time scale. 
However, the B-plane approximation allows for  th.e presence of Rossby waves and  sjnce 
these waves are quasi-geostrophic, they may be regarded as the adjusted s t a t e .  I t  i s  
also shown that  the concept of an adjusted s t a t e  on the B-plane i s  dependent on the 
dispersive properties and energetics of Rossby and gravity waves. . 
Two basic experiments are shown: the f i r s t  i s  a perturbation in t h e  geopotential 
f i e ld ,  and the second i s  a perturbation in the rotational part of the wind f i e ld .  When 
perturbing the mass f ie ld  on a small scale compared to  the equatorial Rossby radius of 
deformation, most of the in i t i a l  energy i s  dispersed by gravity waves; b u t  a1 tering the I 
vort ic i ty  f ie ld  i s  a very ef f ic ien t  way to localize the energy input. The adjusted 
s t a t e  shows asymmetries that  cannot be obtained on an f-plane analysis. 
geostrophic adjustment 
Ross by 'waves 
gravity waves 
equatorial 6-plane 
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